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FUNCTIONS OF COMPOSITION* 
FIRST LECTURE 


INTRODUCTION — ComposiTION, PERMUTABILITY, INTEGRAL 
Powers oF ComposiTION, THE CLOSED-cYcLE Group — 
OpjEcT OF THE Lecrures— FRacrionaL Powers 
oF ComposITION, INCOMMENSURABLE Powers, FrRac- 
TIONAL AND INCOMMENSURABLE ORDERS OF FUNCTIONS 
OF COMPOSITION OF A GROUP 


1. Introduction 
1. We call to mind the solutions of the simplest integral 
equations. In this connection two functions f(x) and 
F(x, y), which are limited and continuous, are supposed 
to be given, and we wish to determine ¢(x) so as to satisfy 
an equation 


(1) f@) =66) + | 6® FG» dé, 
The solution is given by the formula 

(2) (a) = f(a) + | F@ SE 4) dé, 
where 


(3) S(x,y) = F(x, y) +Fa(x, y) Fala, 9) +... 


) F(x, 9) = | FG, © Fy) dé 
(5) Fa(x, 9) = |’ Fale 8) P69) a8. 


/* Three lectures delivered at the Rice Institute in the autumn of 1919 by 
Senator Vito Volterra, Professor of Mathematical Physics and Celestial Me+ 
chanics, and Dean of the Faculty of Sciences of the University of Rome. 


Translated from the Italian by Dr. Hubert Evelyn Bray, of the Rice Institute, 
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The series (3) is uniformly convergent, and defines a 
function S(x, y) which may be regarded as the first example 
of a function of composition of F(x, y). It is obtained by 
operations to be performed on F(x, y) and changes when 
that function changes. And it can therefore be regarded 
as entering into the class spoken of as functions depending 
on other functions, or functions of curves. The equations 
(4), (5), ... give us moreover the first examples of the 
operation of composition of functions, and of powers of com- 
position. 

Formula (5) may also be written in the form 


(5") Filx,y) = ie F(x, £) Fal, y) dé, 


and by a comparison of the formulae (5) and (5’) the follow- 
ing equation 


ie Fils, 8) F(E, y) dé = [Fe £) Fi(E,y) dé 


is obtained. Thus we have a first example of permutable 
functions. 

Upon these elementary considerations is founded the 
theory of composition of functions and the permutability of 
functions. We pass then to give the corresponding general 
definitions and fundamental properties. 


2. Composition — Permutability — Integral Powers of Com- 
position — Group of the Closed Cycle 


2. The composition of two integrable functions f(x, y), 
(x, y) is the operation 


"Fes 6&9) 48, 


It is understood that these functions remain in the field of 
real variables, and it will be assumed that y>x. If the 


First Lecture 183 


result of the operation is (x, y), the relation will be written 
in the form 
y=f 9. 
If f and ¢ are equal, we may write 
Eats. 


and also 


eereteereecesr 


In general, when m and 7 are integers 


* * x 
fies", 
f™ being spoken of as the integral power of composition of 
degree m. If a,b,c ... are constants, the quantities 
af, bd, cy, 
are the products of constants into the functions f, ¢, y, ... 
and the equation 


ca * * xk*e 
(af) (6¢) cy)... =abe...foyw... 
is satisfied. 
3. The operation of composition is associative, and if the 
functions happen to be permutable, also commutative: it is 
always distributive.* 


4, Given the series 
Q%2+dz2+4a;,2°+... 
which is supposed to be convergent for | z |<, the series 


af -taefi-tas fit. PS 
is uniformly convergent whatever may be the modulus of 
the function f, this function being limited; the function 
defined by the series is permutable with f. The theorem 
may be extended to power series in more than one variable. f 


* V. Volterra, “Lecons sur les fonctions de lignes,” Paris, Gauthier-Villars (1913) 


Chap. IX, §§ 1-5. 
+ Ibid., Chap. IX, § 10. 


184 Functions of Composition 


5. If m is an integer and the relation 
Y(x, y) = (y—«)™ f(x, y) 
is valid, f(x, y) being limited and continuous, and f(x, x) 
always different from zero, the function p(x, y) is said to be 
of order m+1. 

The resultant of composition of two functions of order m 
and n respectively is of order m+n, and the power of composi- 
tion of degree m of a function of order n 15 of order mn. 

6. Knowing a function of order 1 permutable with y 
of order m, it is possible to calculate a function 6 of the first 
order whose mth power of composition is w, provided that 
y and ¢ have limited derivatives up to and including the mth 
order. In this case then we write: 

1 
§= pr* 
7. Let a(x) and B(x) be two functions, limited and con- 
tinuous, which do not vanish, and write 
dx 
a(x) B(x) 
from which x; and x are determined as functions of each 
other: 


=d x1, 


x1 =X(x), « =u (x). 
Form then the function a(x) B(y) f(«, y) and write it as a 
function of x1, yi, that is, 
fis, y1) =a(x) By) f(x, ). 
If now we write, by means of the change of variable given 
above, 


; 
ie = os a = Bi(m), 

we shall have the equations 
d X1 ee 
(41) Bi (1) Fi 
f, y) = an(%1) Bi(y) fi, 1). 


* V. Volterra, loc. cit., Chap. XI, § 8. 


dx, 
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If again we apply the same transformation to (x, y), and 
obtain thereby ¢1(*, yi); and if we let £ =y(,), we shall have 


a(s) By) | f@, 8) 69) a8 
= |" a(x) By) f(x, 8) (6 9) a8) BE) a & 
= [AG £1) hi(1, yr) d &. 


From this equation we deduce that the resultant of the com- 
position of two transformed functions is the transform of the 
resultant of the two functions themselves, anc hence that a 
power of composition of a transformed function is the transform 
of the power of composition of the function itself, and finally, 
that the transformation does not alter the property of permut- 
ability, that is to say, it transforms a group of permutable 
functions into a new group of permutable functions. 

8. Given a function F(x, y) of order 1 all the functions 
which are permutable with it can be found. For this 
purpose the question may first be reduced to the case in 


which 
(1) F(x, x) =4, G hs boas) 


In fact, if F(x, y) does not happen to satisfy these conditions, 
it may be reduced to one that does by means of a transforma- 
tion of the type just considered.* We shall say that a 
function F which satisfies (1) is reduced to canonical form. 
On the assumption that the function F is limited and con- 
tinuous with its derivatives of the first two orders, the 
solution of the problem is then given by the formula 


(2) Ag—a)+ |" NE SEls 9) dE, 


*V. Volterra, loc. cit., Chap. XI, §§ 1, 2. 
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in which ) is an arbitrary function, and can be calculated 
from F and its derivatives of the first two orders.* 

9. Another fundamental property of permutability is 
expressed in the following theorem: Two functions per- 
mutable with a third are permutable with each other. We omit 
the proof of this theorem, referring merely to the paper of 
Professor Vessiot.} 

10. A group of permutable functions is characterized 
by a function of the first order of which the first and second 
partial derivatives exist and are finite. Consequently when 
we consider a group of permutable functions, we shall always 
assume that there 1s known to us a function of the first order 
which has finite derivatives of the first and second orders and 
belongs to the group. ‘This function shall be spoken of as the 
fundamental function of the group. When a fundamental 
function of the group has the canonical form, we shall speak 
of the group as a canonical group. 

11. A remarkable group of permutable functions is the 
so-called closed-cycle group,t which is made up of functions 


of the form 
f(y-*). 


Unity belongs to this group, and it is deduced immediately 
that 


4m — 1 m— 
1 Gp) Seas e 


3. Plan of the Lectures 


12. On the basis of these general ideas it is the plan of the 
following lectures to develop a complete theory of permutable 


*V. Volterra, loc. cit., Chap. XI, p. 162. 

t Vessiot, “Sur les fonctions permutables et les groupes continus de transforma- 
tions fonctionelles lineaires,” Comptes Rendus, 1912, p. 682. 

TV. Volterra, loc. cit., Chap. VII. 
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functions and their properties, analogous to the usual 
algebra and analysis. 

In the first place, we observe that the operation of com- 
position of permutable functions is analogous to multiplica- 
tion, in common with which it possesses the commutative, 
distributive and associativé properties. The algebra of 
permutable functions has already been studied by Professor 
Evans. 

Now if we follow the historic development of the usual 
analytic theories, we see first unfolded the theory of integral 
powers, then fractional and negative powers. Afterwards 
comes the theory of logarithms, which barely precedes the 
infinitesimal calculus. In fact the very definition of loga- 
rithm as given by Napier involves implicitly the idea of 
derivative. And finally comes the general theory of functions, 
which crowns the whole structure. We observe that at first 
the name function was applied to powers, and then gradually 
extended its significance to cover the modern interpretation. 

We shall follow the same road in the theory of functions 
of composition, and since we have already discussed the 
integral powers, we shall proceed first to treat the fractional, 
then the negative powers of composition and then the lo- 
garithms of composition. ‘This leads us to the differential 
and integral calculus of composition, of which we shall give 
the foundations and the elementary applications to the 
logarithms of composition. And we shall develop in its 
principal lines the theory of functions of composition. 

In this way it will appear clearly that the logical process 
which serves as a guide in our path is the one that reproduces 
the evolution of ordinary analysis in its development from 
the finite to the infinite. 
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4. Fractional Powers of Composition—Incommensurable 
Powers — Fractional and Incommensurable Orders of 
Functions of a Group. 


13. If ¢ is of the first order and we propose to ourselves 
the problem of finding a function f which will satisfy the 
equation 
(1) fr=d, 
we cannot find a solution in terms of a function which 
remains finite. The problem however can be solved by 
means of a function which becomes infinite but remains 
integrable. 

To be convinced at once of this possibility it is sufficient 
to call to mind the first result which was known about 
integral equations, namely the solution of the integral 
equation of Abel: 


fa) =|" 6@ = dé, 


—&£ 
which is 
$0) = 5 75) fO yee 
since 
le | 1 
ss eee =e 
i Vink Ee 
If we write down the function 
1 
F(x, y) = y 
(x, y) ee 


we shall evidently have 


* 


P=r 


and thus we see that the square of the function 1/Vy-x, 
which becomes infinite for x =~, is nevertheless a constant. 
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We now proceed to show that if yi (x, y) is a function of the 
first order, and if 


O(x, y) = Ylx, y , 
ie x) * 


then 6” is of the first order. 
In fact, we shall have 


_ _¥2(x, Wale y) ‘ 
where Oa. 
ba(x, y)= =|) Vilx, x+(y = n) Wale (y +2) 9) 3 
nr Ss: 


and consequently y remains finite like y, and is continuous, 
and of the first order. Similarly it is evident that 


ge — Val 9) 


where wy (x, y) is a function of the first order, and so on; 
whence it follows that the function 
=Wn(x; y) 

is a function of the first order. 

It is evident that if ¥; possesses finite and continuous de- 
rivatives up to a certain order, the same is true for 2, Ws, 

S Was 

14. Let us assume that the function @ is permutable with 
¢, and that ¢ and y possess finite and continuous first deriva- 
tives. In this case it is possible to calculate in a simple 
manner the function f which satisfies (1). 

In the first place we may point out that y, must be per- 
mutable with ¢, for we have the equation 

P 


6°b =0"166=0' 2g R=... = G6". 
It follows that 
(x, &) =C ValX, ay 
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C being a constant,* and hence, since ¢ and y, possess finite 
and continuous first derivatives, that the function 
d(x, ¥) —C Wns ¥) 
approaches zero as x approaches y to the same order as y—x 
or higher order. 
The function g which satisfies the integral equation 


(2) $a) =C eal, y) =|’ Cal, £) g(E,y) dE 


is finite and continuous, since y,(x, x)=0. We can then 
write explicitly 


as is-1) 
G3) fy) =VE{0+2bE+ bet...) 
We see immediately that we have 


f@ey)- SB, 


n—1 > 
(y—x) * 
where g(x, y) is of the first order and such that 


And since we can take any one of 7 values for the uth root 
of C we can obtain by means of the procedure (3) 7 solu- 
tions. 

15. Let @ be reduced to the canonical form F. Then @ 
may be obtained from (2) Chapt II by writing 


(4) A= gen 


In fact we shall have 
1 1 yi 
1+(y—a) | wh B((y—x) ula) du 
n—1 b 
(y—«) * 
* V. Volterra, loc. cit., Chap. XI, p. 3. 
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in which the numerator is of the first order. It will be 
differentiable if ® is differentiable, and thus will have deter- 
minate derivatives provided that F has such, up to and 
including the third order. In this case we shall have 


c-r-(4). 
n 
If instead of (4) we write the equation 


Ay 
A=n" un); 
where y(n) is an analytic function which does not vanish 
for »=0, we shall obtain another formula for 6 which may 
be used in the formulae (5) and (3); and thus a 6 may be 
determined in an infinite variety of ways. 

It may be asked if in this way we obtain always merely 
the same solutions upon-substitution in (3). At present 
we content ourselves with the observation that all such 
solutions are permutable among themselves. 

16. The formulae which we have given lead us necessarily 
to extend the notion of order. 

If (x, y) is of the first order, and if 

ts y) =a (y aan) p(x, y), 
the function f will be said to be of determinate order a+1. 
Thus the functions @ and f of the preceding sections are of 
order 1/n. In the above definition, the function (x, y) is 
said to be the characteristic of f(x, y), and (x, x) its diagonal. 

If we have a function 

f(x, y) = (y —*)* d(x, y), 
in which (x, ) is finite and continuous, and further, $(x, x) 
=0, we say that f is of order higher thana+1. In this way 
we may obtain functions however which are of no determi- 
nate order whatever; for example the function 
(y—x)*~1 log (y—x) o(, 9), 

where $(x, y) is of the first order, is of order higher than 

rete : > * 

od 


e « 
“ 
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n—e where € is arbitrarily small, and yet has no determinate 
order. 

If ¥(x, y) and $(x, y) do not have determinate orders, but 
the function 

W(x, y) 
(y —x)* $(x, y) 

is always less than some determinate number, with a positive, 
it will be said that W(x, y) with respect to (x, y) is of order 
not less than a. The operations of composition will be 
applicable to functions whose order is greater than a positive 
number, and we shall consider such functions. 

In order to obtain a function of determinate order r 
belonging to a group of permutable functions, it is sufficient 
to substitute in (2), § 8: 


Xn) =2'~* n(n); 
where uw is bounded and does not have 0 as a limiting value 
as approaches 0. 
If two functions are of determinate orders a and B their 
resultant 1s of ordera+f. In fact if od; and de are of the first 
order, we may write 


fily —x)*—7 di(x, y), 
we Saly —x)®-1 ha(x, y)s 
fife=(y—x)ete-! x 
iho (1—7)°~* dilx, «+ (y—x) 1) bole +(y—x) 0, y) dn, 


whence if we substitute 


W(x, y) 
2) [oo (1—9)?~* bila, x + (y—«) 9) bale + (y —x) 9, y) dn, 


we shall have 


hifa=(y—x)2+°-1 (x, y), 
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in which 
2s T'(a) P(8) 
V(x, x) = di(x, x) bo(x, x) T'(a+8) ’ 

so that y will be of the first order. By the same procedure, 
it may be shown that if one of the functions is of order higher 
than a, and if the other is of order B or higher, then the resultant 
1s of order higher than a+B 

The function y may be differentiated to whatever order 
¢; and ¢2 are both differentiable. It may further be noted 
that the theorem does not demand that /f; and f, be permut- 
able. 

If a function is of order r, its nth power will be of order nr; 
and if we denote the respective characteristics of the func- 
tion and its power by G (x, y) and L(x, y) we shall have 

L(@, x) = ae Gea, x). 
If the function were of order higher than 7 its mth power 
would be of order higher than nr. 

at: Sf 

p(x, y) =f (x, y) (y —ae, 
with | f(x, y) | <M and a>0, we obtain in the case that m 
is an integer, the inequality 
tm m T'™(q) ma—1 
lo |< M T'(ma) (y —x) 3 


Hence 7f the series 


eo 

aaa 

1 p 
is convergent for values of x of absolute value less than a certain 
quantity, the series 

2] * 

Damo” 

1 
as convergent whatever may be the modulus of the function 
f(x, y) provided that it 15 finite (compare § 4). 
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18. Given f of order n-+a@ with 0<a<1, and 1 a positive 
integer, and given y of order n+a+6, or higher order, with 
B>0, we proceed to treat the problem of calculating ¢ so 
that the equation 
(5) Fo=¥ 
will be satisfied. This problem can be solved by a method 
analogous to that which I gave in my “ Lecons sur les équa- 
tions intégrales et intégro-différentiélles”, Chap. II, 3, p. 60.* 

In fact, if we write 


(y—x)-* =O(x, y), 
we shall have 


6 f=. 
Now @ is of order 1—a, and so 6 f=zg will be of order n+1, 
and K =6y will be of order »+1-+8 or of higher order. 
The equation 
go=K 
is solved at once by differentiating it 2 -+1 times with respect 
to x, and thus reducing it to an equation of the second kind. 
Evidently @ will result of order 6 or less than 8. In order 
to apply the method it is necessary to admit when f and y 
are of determinate orders, that their characteristics should 
have finite derivatives of the n+1st order. 
It 1s not necessary that the given functions f and @ should be 
permutable. If, however, they are permutable it may be 


deduced that @ will be permutable with them. If they are 
not permutable, the equation 


Coy oj=¥ 
is distinct from (5), and can be solved by forming the integral 
equation 


ofo=~ 6, 


* Paris, Gauthier-Villars, 1913. 
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in which 76 will be of order »+1. By means of n+1 
differentiations it could be reduced to an equation of the 
second kind. 
The equations (5) and (5’) each admit a single solution. 
Consider the equation 


(6) hidi=vs 
where 

fi=ftix, h=vty op, 
and assume that f and y have the same properties as before, 
while x and p are functions of higher order than some positive 
number. 


The solution ¢: of (6) in which f; and y, are supposed 
given, can be solved by first solving (5), and then taking 


* * * x * * 

$i=btd p—(b+6 p)x+G+¢ p) 2-..., 
which series will always be uniformly convergent. In this 
case also there will be a unique solution. 

The functions f; and y are respectively of the same orders 
as the functions f and y, but it is not necessary that they 
satisfy the conditions imposed on f and wy with respect to the 
differentiability of their characteristics. 

19. Suppose that we are given a function 


d(x, y) =(y—x)*-* W(x, 9) 
of determinate order a, and that we wish to calculate the 
function f, such that 


& 
Sf" =¢. 
By virtue of the preceding considerations it is possible to 
extend to this case the procedure followed (§ 14) in solving 


the analogous equation (1) in which ¢ is of the first order. 
In fact, if we suppose that the group to which ¢ belongs 
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is first reduced to the canonical form and if we calculate the 
function 
j«_ 
14+(y—x) | wv O[(y—#) ul, yd 
6 = —— 
is 

(y— x) = 

6” will be of order @ and its diagonal will be 


ey) 


Ta). 
Now if we solve the Aes 
I'(q) JS 2a) - 6" 2, 


A FC) 


regarding g as unknown and assuming the existence of the 
derivatives of ¢ and ®, of the orders demanded by the preced- 
ing theorems, f will be given by the formula: 


f= Ale ses j the) siya’ ye 


r(<) 3 


We shall thus obtain 7 solutions, since /T'(a) contains 
an nth root of unity as an indeterminate factor. 

These solutions are all permutable with each other and 
with ¢. We have to determine, as in § 15, whether it is 
possible to find other solutions permutable with these. 

20. Iff; and fe are two permutable functions of determinate 
orders and if the characteristic of each possessesja finite and 
determinate derivative of an order equal to the integer next 
larger than the order of the respective function, and if 


fir =f," 
Si =e fry 


then we shall have 


First Lecture ~ 197 


where e¢ is an nth root of unity. In fact f, and fy will be 
necessarily of the same order, and if we represent their 
characteristics by ¢: and ¢s, we shall have necessarily 


gi"(x, x) =2"(x, x), 
i(x, x) =€ do(x, x). 


and therefore 


But 
O=fi"—fi'=(fi—af) (h-eh)...(fi—ee fa); 
where €, €, . . . €, are the mth roots of unity. 


If we assume €=e, the binomial expressions f,—€2f2, 
fi—€, f2 will be of the same order as f; and f2 and conse- 
quently, by the results obtained in § 18, it follows that 

fi=e fr. 

21. The question which we raised previously (§§ 15, 19) 
is now answered in view of this proposition, that is, by 
changing \ () in the manner indicated we obtain always 
the same solution of (1) since the results are always functions 


; 1 re ; 
of determinate order — whose characteristics possess deriva- 
n 


tives and whose th powers of composition are equal to each 
other. The same is true of the solutions of (8). 
22. If f; and f, are two permutable functions of determi- 
nate order and 
* * 
Dix = fr”, 
* * 
jr =f", 
q being any integer whatever. Conversely, if the last 
equation is satisfied, the equation 
* * 
sie f= € f” 


will be true, € being one of the gth roots of unity. We shall 


it follows that 


/ 


write 


f=i, 
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and obviously, in writing this equation we shall include in 
the symbol f; an undetermined root of unity. 

Given fz, in order to calculate f; it will be sufficient to 
calculate first, by the rules given in §§ 14, 15 and 19 the 
function 


* 
Pillar 
* 
ia ee 


The whole of the ordinary algebra of fractional powers can 
be applied without change to fractional powers of composition. 
23. In the expression 


from which we obtain 


2 
if we suppose that f is of a determinate order a, 1.¢., 
lg (y—x)*-* G@, 9), 


it then follows that je * will be of order ea or 


fea(y=x) © EG a) 
and 


LG, x) =1G(x, x)» 22 fe) ma (a) 
a 


The fractional power fe is determined to within a factor 
equal to a root of unity. We shall be able to do away with 
this indeterminateness when the diagonals are all positive. 

‘If f is a function of determinate order a whose diagonal 


is positive 
= Bee m 
i) =(y—x)” p x,y m), 


and the diagonal of this function is also positive. 


Let us suppose that as we make the number 4 approach 
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a positive rational number 8, L(x, |") tends uniformly 
n 


toward L(x, y|8); and that as 2 approaches any irrational 


Mm e 
) tends uniformly toward a deter- 


number 2>0L(a, db 


minate finite limit L(x, y | 2). 
We shall write 


f= (y—x)*-* L(x, yz), 
and refer to this function as an irrational power of composition 
of order x. 
We shall have 
L(x, % | 2%) =te 
If | G(x, y) | <M, we shall have 
peta) | 
Le, 91) <a. 
All of the algebraic calculus of powers with commensurable 
or incommensurable positive exponents is extensible to the case 
of powers of composition, and consequently 


x *& * 
ft 31 Sa 
* * 
( PR = 7", 
the numbers z and z, being any positive numbers whatever.* 
24. When we know the function 


* 
fi =(y—*)*-* L(x, y |), 
for any positive value of z whatever we are in a position to 


Ba): 
T'(a@z) - 


* . . . 
calculate the function ¢’, where ¢ is given by the equation 
* * 
o=ftfy, 
*The actual calculation of fe cannot be carried out without recourse to the theory 


of logarithms of composition. It 1s done in Lecture III, §25. We may add:at the 
outset the following statement of a fundamental property: /? is an entire function 


of z. 
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and where y is any function of an order greater than a certain 
positive number. 


We shall have in fact 
bafirafp+ fet... 
and the series is always Raifornale convergent (§ 17). 
It is seen immediately that from the fact that f* is an 
analytic function of z ic follows that A is also analytic, and 


that since f is an entire function so also is . 

25. As an example let us treat the case of functions which 
belong to the closed cycle group. 

Unity belongs to the closed-cycle group and if z is positive 
we have 

pa =e mee 
ME 

and therefore 1* is an entire function of %. 

Now let ¢ (y —x) be a function of the first order possessing: 
a derivative. If@ (0) =1, then 


$ (y—x) =141 4’ 
where @’ age! the derivative of 6. Consequently 
gaits ing! eile irgas. 
and therefore o%, thus ee is an entire function of z. 
Vitro VOLTERRA. 


SECOND LECTURE 


INTRODUCTION — ZERO AND NecativE Powers or Com- 
POSITION — FracTIONS OF ComPosITION — ProcreEs- 
SIONS OF CoMPosITION — LoGaRITHMS OF CoMPOSITION 
—Naprerian LocaritHms oF Composition, ExTEN- 
SION OF LOGARITHMS OF COMPOSITION. 


1. Introduction 
1. If we have the relation 
fo=v 
(in which we suppose f, ¢, to lie in the field of permutable 


functions) and if we consider the operation of composition as 
analogous to multiplication, we can write, by analogy, 


les ing 
yo —— ae > 

f ? 

and also 
(2) g=¥f*, (2') f=ve™; 

and we can regard the symbols (1), (2), (1’), 2’) as represen- 
tative of the operations whereby we solve the integral equa- 
tion 


v=| fe 8) 06 9) dé, 


in which we are to regard @ and f successively as the un- 
known function. 

We observe that if f is of order m and ¢ of order n, y will 
be of order m+n, m and n being positive numbers. Hence 


M<mM+n>n. 
201 
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If then we write the symbol 


* 


2 or OF 73 
3 F 
where ® and F are permutable functions, it will have no 
meaning if the order of ® is less.or equal to the order of F. 
A great difficulty arises if we wish to give a meaning, in 
general, to the symbol in question. 
But it is to be remembered that an analogous difficulty 
arises in the elements of arithmetic if we restrict ourselves 
to the field of integers. If we write 


2X3 =6, 
we can represent division of 6 by 3 or by 2, by the symbols 
= 6 = = = 6 = Su 
37 6Xx3 ’ =5 = 6x2 : 
But until we leave the field of integers the symbols 
Bax: be 
5 aE 


have no meaning. 

In arithmetic we can introduce the number 144=2-! by 
defining multiplication of an even number by 14 as equivalent 
to dividing it by 2. Similarly we could define the symbol 
f—! by the property that 

oP Bie =¢, 
: 
F=$}. 
But just as, by this procedure, we should obtain in arithme- 
tic only the reciprocals of the integers, so, in the field of 
composition we should obtain only special functions of 
composition. Consequently, in order to obtain readily 


more general functions, we follow another course, the princi- 
ple of which we will now explain. 


provided that 
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2. In arithmetic we can arrive at the fractional numbers 
by an extension of the number field, introducing them, after 
the integers, as new quantities for which we define equiva- 
lence and all the operations which can be performed on them 
in combination with each other and with integers. Unless 
we depart from the field of integers these quantities have 
only formal significance. - But all the calculations and all 
the propositions in which they are involved cease to be 
purely formal, whenever we desire, provided that we multi- 
ply by a suitable integer. They then represent actual rela- 
tions between integers. 

We shall follow precisely this method in order to introduce 
fractions of composition, and they will be formal in char- 
acter, but the remark which we have just made applies to 
them, namely, that they can be combined by composition 
with a convenient function in such a way that the results 
cease to be formal and represent actual relations between 
functions. 


2. Zero and Negative Powers of Composition—Functions of 
Composition 

3. First we must introduce the element which corresponds 

to unity in arithmetic but which, in the field of composition, 

we do not yet possess in a perfectly clear and simple manner. 

Let us return, therefore, to the simpler integral equation 

considered in the first lecture and let us write it in the form 


fe, 9) =$(, 9) +) 66, t) F(é, ») d&, 


in which the given functions are assumed to be permutable. 
In the notation of composition we can write 


f=o+d F, 
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and the solution 

gaff F+p bj P+... 
In the lectures which I gave at the Sorbonne (“Fonctions de 
lignes,” Chap. IX) these formulae were written 


f=¢ (+4) 


and 
o=fi—-r+P—F +...) 


gee 
1+F 
In other words we had, by definition, 
d(+h) =6+¢ F. 

Unity, in this case, functioned in such a way that when 
combined by composition with ¢ it gave ¢ as a result. 

On the other hand, if we combine ¢ with 1, giving to 1 its 
ordinary meaning, we have 


Bi =|'oe, £) dé, 


which is different from¢. Therefore unity sometimes means 
the element which composed with a given function reproduces 
that function and sometimes it has its ordinary significance. 
To avoid confusion we agree to state explicitly on each 
occasion which meaning we wish to attribute to unity. In 
order to remove all uncertainty we will use two different 
symbols for the two meanings.* 

4. Let f(x, y) be a function belonging to a group of 
permutable functions. We know what is meant by com- 
position of a function of the group with f.| By composition 
with fo we mean performing the inverse operation, that 
is, finding a function which, operated upon by f, will re- 


* Evans has removed this ambiguity by another method. 
Tt Cf. Lecture 1, § 2. 
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produce the given function. If then we compose the first 


function with f and then with f~!, this is equivalent to leaving 
the function unaltered. Then 


* * a 
}fa=7° 
will be a new entity which we shall introduce into the group, 
defining it as that element which composed with any other 
function of the group leaves it unaltered. It is this element 
which corresponds to unity. 
The properties of fi ° are given by 


dig =f, (fom =f, (f°)-2 =f, f° =¢°, 
jf and ¢ being functions which belong to the group. And 
if a is a constant 


(a f°) (f=af. 

(afo+b f) (cfe+d f)=acf°tado+tbhcftbdfé. 
Hence it turns out that a /°-+ f has only a formal meaning 
by itself but acquires an actual meaning provided that it is 
combined with any function of the group. 

The introduction of the element f° greatly simplifies the 
formulae which I have given in previously published works 


on the theory of permutable functions (cf. loc. cit., p. 138). 
In addition let us consider, for example, the series 


Fitiil= =fapeb+ a 


which satisfies the addition theorem 


F | (f+) |=F | L/1| # | 11, 
a form of statement which is much simpler than that given 
on page 159 of the work cited. 


206 Functions of Composition 


Besides this we can show more clearly the period of F 


| [ f| | since we have the relation 
F|(f+2rifl|=F || 
that is to say F | Ll | has the period 2 7 ae 

5. We will proceed now to the study of fractions of 
composition in the strict sense of the term. Let us consider 
a set of permutable functions of determinate orders. We 
will denote these functions by f,¢,¥, . . .sfrdy Wy - 
fos $a Wa . . . and suppose that linear combinations of 
them are likewise of determinate orders and also that if we 
take any one of them which is of higher order than a second 
it is always possible to find one and only one function of the 
group which, when composed with the second, will give the 
first. 

For example, a set of functions of this nature would be 
that which could be generated by taking a function of the 
first order, forming its integral and fractional powers, form- 
ing products of composition of these powers and adding 


together constant multiples of these results. 
* 


We shall say that ‘i 15 the fraction of composition belonging 


to the group and having f for its numerator and & for its de- 
nominator. 


We shall say that 


J =f, ’ 
and that i 

fish 

gi oe 
whenever 


fi $s =f, du. 
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From this we can infer the proposition that two fractions of 
composition which are equal to a third are equal to each 
other. 


In fact, if 
fh ft 
gd: ¢2 gi 3 


it follows that 
(1) fy bo =he $1, (2) " $3 =f; dr, 
and therefore, composing both members of (1) with ¢s, 
hi os bs =f or ds arp he a 
But by equation (2) 
hi oe os =$r fi os =¢e fs dy 
therefore 
he es & Ze ee ™ 
and from this it follows, by the general hypothesis that we 
made previously, 


*x* * x * 
: 2 3=fe 35 
that is to say, 
* a 
fr _ fa. 
* * 
G2 os 


6. We have now to distinguish between three cases: 


* 


(i) In the Sens suppose that f is of higher order than 
p 


d. Then, assuming that the conditions which we have 
stated (§ 5) are satisfied, we can calculate a function y 
such that 


f=¢ p, 
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and we thus have 


ane 
oo 


(ii) Again, if f is of lower order than ¢, then (supposing always 
that the aforesaid conditions are satisfied) 


and therefore 
oy) y° =f Y, 


whence it follows that 


(iii) Finally suppose that f and ¢ are of the same order. The 
ratio of their characteristics will be constant. If we denote 
this constant by a, the function 

y=f—a¢ 
will have a definite order greater than that of @. Then 
we can write 


y =¢ 6, 
and therefore 
f=ag+od 
Consequently 
fe =(a 5°46 b, 
and finally ne 


es 
F=agp t+. 
oy) 


7. Two or more fractions of composition can always be 
reduced to a common denominator which is a function whose 
order 1s not less than the order of any of the denominators. 


In fact, if we are given 
* 


kh, 
di oy 
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and if ¢ is of higher order than ¢; and ¢; then 


fy) =¢1 Vs =¢: bo, 
and therefore 
d 6 9h? 
If the order of ¢ were equal to that of one or both of the 
given denominators, we should have . 


$=: (a 6° +) 
 =ds (b $°+y2) 


where a and b are constants, one of which might be zero. 
Therefore 


fi = af, +f; hr 

$1 a 

fa_bhatfas, 

— i 

A method of reducing several fractions of composition 
fA fe fs 
Gi, Px Re a 


to the same denominator is to write the equivalent fractions 


* * * *x* * x * * 

fidrds... fodids--- fsdida--- 
* * * > * * * b * * * > 
didods.-- G2rodids---. ds digo... 

8. If we reduce several fractions of composition to a 
common denominator and form a fraction of composition 
which has this denominator and whose numerator is obtained 
from the various numerators by the operations of addition 
or subtraction, the fraction obtained is independent of the 
choice of the denominator, according to the definition of 
equivalence which has been given. 
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In fact, if we have 


fe 


ee ae = Sa > 


d1 de pi ga 


then fttr pide 
pi cy) 
since fi doth oe =f; dite dr. 


The operation here indicated is called the addition or sub- 
traction of fractions of composition. 

Thus it is seen that all the rules of arithmetic relative 
to the addition or subtraction of fractions are extensible 
to fractions of composition. 

9. The multiplication of a fraction of composition by a 
constant consists in multiplying the numerator by the constant, 
leaving the denominator unaltered. 

The composition of several fractions of composition signifies 
the formation of a fraction of composition which has for tts 
numerator the resultant of their numerators and for its denomi- 
nator the resultant of their denominators. 

The associative and commutative properties hold in the 
case of composition of fractions, and it is seen that the 
results remain equivalent if equivalent fractions are sub- 
stituted for the fractions composed. 

A function f is equivalent to the fraction 


44 

hence y 
6) Ly Jail Meo te 
¢ fo fod o 


We ehrsines in this way the composition of a function with a 
fraction of composition and we see immediately that for this 
kind of composition also the commutative properly holds. 
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if 


10. If we compose m equivalent fractions + the result is 


written in the form 
(4) "and we have evidently (4 oe gt 
d oy) 


The same formula will be extended, by definition, to the 
case in which m is equal to a fraction or to an incommensurable 


number. 
11. From (3) we obtain 
ey _fb_¥v 
fRa= eee 
io: aa 


Therefore, by composing a fraction of composition with its 
denominator we obtain the numerator, or, every fraction 
of composition may be regarded as the result of the operation 
inverse to composition applied to the numerator by means of 
the denominator, and if we adopt the exponent —1 to indicate, 
as we have done previously, the inverse operation, we have 


Viopf, 


~ and, by making an extension of the property that composi- 
* . . 

tion by f° does not alter the element upon which it operates, 

we can write 


1 af, 
7, 
Now (see § 8) 
1 th — tk ie fm\—1 
(f-) (+) ome 
which we can also write in the form 


jo 
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* * . ° . . 
In general (f*)"=f'" whether /, or m, 1s positive, negative 
or zero. 
12. We wish now to find the fraction of composition 
* 


v f 


which, when composed with 3 will give 4. We have 
d 


evidently as a solution 


fo 
ay” 
on * oe * @ 
Deh 
and also 


13. These results are summarized in the statement that 
the arithmetic theory of fractions can be carried over to the 
field of composition. 

The elements 


ii. 
% 9 ii 4 p) 
4 f 


can be included in the field of a group of permutable func- 
tions. They no longer have the significance of functions in the 
ordinary sense, but all the operations together with their assoct- 
ative, commutative and distributive properties can be extended 
to these elements. However for this reason they can be 
called functions belonging to the given group of permutable 
functions, and we are able to extend to these elements also 
the concept of order, that is to say, if f is of order m, and 


* 


of 
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is of order 2 <m we shall say that ¢ has the negative order 
n—m. 
. . * . . * . 

Evidently if ¢ is of positive order p, ~* will be of order —p 
and the theorem, that the order of the resultant of two 
functions of given orders is equal to the sum of the orders 
of the components, is extended to the case of negative orders 
We also extend easily the concept of an order greater than a 
given negative order to the case in which the order is not 


determined, that is, if Ps f is not of determined order but is 
of an order greater than 2 <m we shall say that ¢ is of higher 
order than n—™m. 

14. As we have said (§ 1), it might seem as if we have 
constructed in this way a purely formal theory; but this is 
not the case in view of the fact that the elements which 
have been introduced, formal though they are, cease to be 
such by acquiring the significance of ordinary functions 
whenever they are composed with a function of sufficiently 
high order. Thus, for example, if we have the sum 


* 


x * f yp’ 
+f-m+i+k, 
ince 


. . * * * . 
it is sufficient to compose it with /” ¢ 6" in order to convert 
it into an ordinary function. 


3. Progressions of Composition — Logarithms of 
Composition 
15. Let (x, y) be a function of determinate finite order 
and let us consider the sequence 


* 3 * 2 vey Ry * * 
oe p>, b- 7, Py Ps Bs Hs Py «++ es 
We shall say that this constitutes a progression of com- 
position having the ratio ¢. 
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The exponents will be called the logarithms of composition 
of the various powers of composition and ¢ will be called 
the base. We shall write 

n =log, $", 
n being positive or negative. 

The whole of the arithmetic theory of logarithms is 
evidently extensible to the logarithms of composition now 
introduced. Thus the logarithm of the resultant of several 
functions 1s the sum of the logarithms of the component func- 
tions, etc. 

The progression of composition possesses properties 
analogous to those of geometrical progressions. In particu- 
lar 


* « a Eph getotn 
S+HtP t+... tpl PO . 


, 16. By inserting means we can pass to fractional log- 


e . . * 
arithms. Let us insert, by calculating ¢'/”, m means between 
two elements of the progression; we obtain the sequence 
pas foc ro os ltt 1 


| 1 iy at ee. * 
6D Fie Damar ™. Oi hb"; GMa Grn eee 


which can be regarded as a new progression of composition 


. * . ~ . 
having ¢!/ as its ratio, and we can write 
h a 
m A logs op”, 


h and m being whole numbers. 
In general, if v is a positive or negative number, rational 
or irrational, we can write 


* F 
(1) v =log, ¢, 
and to these logarithms of composition we can extend the 
properties of arithmetic logarithms. 
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17. It will be convenient to write powers of composition 
in the form 
* Pe? 
¢’ =o", 


and therefore to write instead of (1) 


x. * * * * = 
vp? =logs ¢ =log, ¢”. 
In this way, starting with a base ¢ and considering all of 
its real powers, we can express the logarithms as real num- 


bers multiplied by $°; but unless we take a further step in 
the theory it will not be possible to obtain 


log y,; 

except when y, besides being permutable with ¢, is a power 
of @. This further step cannot be taken until we have 
introduced the fundamental concept of the naperian base. 
The complete construction of the theory is thus less easy 
than it may have seemed at first sight. It is necessary 
to introduce into the field of composition the fruitful concept, 
discovered three hundred years ago by Lord Napier, of the 
base of natural logarithms, in order to extend the theory 
within the limits in which it can be formulated effectually. 


4. Naperian Logarithms of Composition — Extension of the 
Theory of Logarithms of Composition 
18. Consider the function 
e f 2 
We have 
e * 
and therefore 
d mae pae 
d% : 
On account of this property we shall call ¢ the base of naperian 


logarithms of composition. 
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We have evidently 
i 2 23 
oa (1t2+5 +5. a) 


and, by virtue of the convention made in the preceding 
section, 


athe ef) 4asee ed ee 


19. Analogously, by definition, we can write 


(1) ab PO+ T+ ot... =¥, 
and we shall write 
& =log: V 
or, more simply 
b=/V. 


With the introduction of this new concept we shall be able 
to solve the problem proposed in § 17. 

20. For this purpose we begin by solving the problem: 
given V to determine ® satisfying the preceding equation. 


We shall have 


ts, 
whence, differentiating with regard to z, 
dW ti id, 
d% 
and therefore 
(2) ie oly. 
% 


We have arrived therefore at the very simple formula (2) 
for finding / Y when WY is known. However, as we have 
said before, the validity of the formula is subject to the 
knowledge a priori that / W exists. 
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21. But let us suppose now that we are given any function 
y whatever of the group, and let us assume, for simplicity, 
that it has a determinate order a. 

We suppose also (see Lecture I, § 23) that, having calcu- 
lated W+, the result is expressed by 
(3) (y —x)*~1 G(x, y 12), 
where G is an analytic function of z.* 

Let us calculate 


ay 
Fy 
We obtain 
a(y —x)**-1 G(x, y|z) log (y—x) +(y —*)2*7? G(x, y | 2)s 
where G’ denotes the derivative of G with respect to z.f 
It follows that 


av 
dz 
is not of determinate order; we therefore consider the fraction 
of composition 
‘ 
* a 
(2’) y aoe 6. 


It is easy to show that 0 is independent of z. In fact, we 
have 
vt F=hb-P). 
Now yw is independent of z; our statement is therefore 
proved. 
From (2’) it follows that 
lvoe 
dv =, 


*This is always the case in consequence of a general theorem to which we have 


referred previously in Lecture I, §23. See Lecture III, § 25. 
¢ To avoid misunderstanding we recall that bylog 4=/A we mean the naperian 


logarithm of the number 4. 
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therefore 


But the series 

= dv 1 ay 1idy 

ve dz sey) ae 
if convergent in the unit circle with center at z, has for its 
sum 


yt 
3. 
hence 


Ke See « “oO: “Q3 
yay (S°+0+5+5+---), 


and consequently 


me @2 Q3 
y=0 TFO+ts tat: 209 
from which it follows that 
O=/y. 


In order, therefore, to conclude that iv exists and can be 
obtained from the formula (2’) it is sufficient to know that 
W can be put in the form (3) and that this expression repre- 
sents an entire function of z. _ 

22. Asan example we will calculate 

ii 
recalling the fact that unity belongs to the closed-cycle 
group (cf. Lecture I, § 11). 
We found (Lecture I, § 25) 


* 
2 


1 “3 
ci ear 
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ee fee. : 5 
But it is well known that To is an entire function; hence 


we can apply the foregoing procedure and we shall have 


@) Bare ona logo) 


1 SE 
— ety OAT) =O 912 
and 
(5) iv2o1-* 
By the preceding theorem the right-hand member of (5) 
is independent of z. We therefore put z=1; and obtain 
6 =log(y—x) —T'’(1). 
But . 
C=-T'(1) --| e-* log. x dx =0.57721 ... 
0 


(Euler’s constant), 


therefore 
x ] ‘ 
(6) j4 —loeQ—sx)+C. 


1 
23. The general theorem of § 21 enables us to see that the 
expression (5) must be independent of z. But a priori the 
fact cannot be inferred immediately on seeing the expression 
(5) for the first time. For the sake of the interesting and 
curious nature of the result we will verify it directly. The 
expression cannot be put in an analytical form; in fact, as 
we have noted, it has a purely symbolic meaning; we can 
however apply the general principle (cf. § 14) by means of 
which any expression of this kind loses its purely symbolic 
meaning and becomes an ordinary function. Although 
6i- 
has a purely symbolic meaning, 
(@i-i 
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is an ordinary function. It will be sufficient then to show 
directly that this ordinary ee is independent of z. 


Now (6 1- 2] = Q 11- a 


But I") js 4 


O= 775 Oa) og Wa) Fy bs 


and therefore 
Sie 
We have 


ee ee 
ds @— #)? 2X) 0B Jz (y—&)* E —x)? 

-- 2 [ee ? |- 

O86 L(y —x)** Fo on (Ee 
This expression can be calculated without dificulty. Thus, 
putting a=z, B=1—2, we obtain 
I. log (§ —x) dé 
o YEE a aa 


LG Pa —2) {log +59 - rd}, 


1 i‘ log (E—x)d&  _ I"), 
T(z) Td—2z)J2E-x)'-*G-H* PG) 


from which, finally, we find that 


@i!-*=log (y—x) +C, 
which coincides with the result (6) obtained before.* 
24. We now show that, if we substitute for ® 


had 


in the series (1), we obtain unity as the sum of the series. 
In fact, if we put 


¢ 


‘. 1 me, 
1 =TO (y —x)*-1=O(x, y | z) 


This result is met with in the calculation which is carried out in an entirely 
different manner in the last lecture, § 23. 
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we obtain 
d9 * * 
ere Me 
dO _ * >» 
Tae 
dO #8 
Te =O 
and therefore 
Fe d0,1#0 


Now @ is an entire fancie consequently 


6(6° +4 +5 + ...) =O(%, y|z+)), 


whence 
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25. In § 19 we stated the definition of iv. It is easy to 


verify the following properties: 


(7) iché)=iv+ie, (8) A=) (0), 
(7") i(=) Eiu10, es) 4-7-5, 

iS) ex 
(7) idm) =m1¥, (8) (#)™ = ems, 


7") i(ce)=icée+ie, = 8") ee Hae A, 


where m is an integer or a fraction; and in the limit these 
formulae will be valid for incommensurable values of m. 


c denotes a constant. 


EEE OOo 
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It is evident that 
parni = f°, 

when v is an integer. It follows that i fis determined except 
for an additive term 2 7 1 if? in the same way that the nape- 
rian logarithm of a number 4 is determined except for the 
term 2ani. Consequently the formulae (7), (7’), (7), 
(7’”) and the corresponding ones opposite wil! be interpreted 
in a manner similar to that in which the analogous formulae 
are interpreted in the ordinary theory of logarithms. 

Suppose now that m is complex. We will extend the 
formula (8”’), by definition, to this case; and since the second 
member, by virtue of (1), is represented by the series 


(m3)? 5 + eo gee 

which has a definite meaning, the definition of the first 
member is established. 

Suppose now that e¢=W; then 

pm 
is defined for complex values of m, and we have 
yn = omy 
Evidently, inasmuch as e is unchanged by adding to 


@ the term 27771¢°, (e#)™ is determined except for the 
factonie-7"™*, 
By definition we establish also the boltonane formula: 
(c*)9 = 2, 
under the hypothesis that ¢ and @ are permutable functions. 


Since the second member has a known meaning, the same is 
true of the first member; and if 


* 
e=V, 
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then the definition of 


ye 
is established, and we have precisely 
(9) Y= oe, 


. ° > . Lu . 
Also in this case, analogously with the preceding one, W? is 


. . . * . 
determined except for the factor of composition e?*"?, 
If we write 


(10) WY =x, 
we can write, by way of definition, 
(11) 6 =logy x; 


and we shall call 6 the logarithm of composition of x to base V.- 
From (9) and (10) it follows that 


di v=lx, 
and therefore, by (11), 
2 3 be 
12 log = ——* 
(12) XAT 


Of course it is necessary, in order that the second member 
may have a meaning, not only that it be possible to find the 
naperian logarithms of composition of x and YW, but also that 


the fraction which appears in the second member have a | 


meaning. If these conditions are satisfied, then the problem 
proposed in § 17 is solved. 
26. If 
V=Pty, 
where f is a function whose order is positive and greater than 
a certain given number, then the series 


see 
pg 
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is convergent (see Lecture I, § 17), and we have 
east bat 
iv=ft+5+F4 
This can be verified immediately by returning to formula (1). 
If 
W=a fae 


where a is a constant, we have 


iv=la.fe+ oe ey 


2 a 

and, if 

(13) p= (af?+f), 

then 

(14) fu ael0+laf ae 
a 2a 


It follows that, if we know the naperian logarithm of compost- 
tion of a function 6 of a group, then, by using formula (14) we 
can calculate that of every function of the group of the form (13). 
These form a very extensive class of functions (cf. Lecture 
Te yS); 

27. We will now give an application of this result: 

To calculate the naperian logarithm of composition of 
of any function belonging to the closed-cycle group, possess- 
ing a derivative and having the order 1. 

Let F(y—«x) be this function, and suppose, for simplicity, 
that F(0) =1. 

We have 

FHl(P+F), 
where F’ denotes the derivative of F. 
Therefore, applying formulae (14) and (16), we obtain 


CS) See SR, 
lr—(osy-o 40) 1-44 oe 
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28. Let us suppose now that it is desired to obtain the 
logarithm of composition of F to base 1. 
Formally we can write: 


f iF 1iF iiF 
ogi £ = i = 
: (log(y —x) +) 
pia 


ee SSS SS 
(log(y —*) +C) 

This brings us, consequently, to the solution of an integral 
equation of the first kind having as its kernel log (y—x)+C, 
(Cf. § 6.) 

We are thus led to a new class of integral equations which 
it will be convenient to study and which will form the subject 
of the sections which follow. 

29. The preceding problem is only a particular case of a 
much more general question. 

From (12), if y and x are permutable functions, we have 


* 


* lx 
log Mee 8 
v iv 


and, if P is given by formula (2), 


ok 
logy x ae. 

lx’ 
ee _ 


eee NN 

[aly —x)**-! G(x, y | z) log (y—x) + (y —#)*-7 G, 9 [2)] 
and we shall therefore have to solve new integral equations 
of the first kind whose kernels involve logarithmic terms. 

30. As we foresaw, especially in the last section, we are 
confronted with the necessity of solving certain integral 
equations (of Volterra type) whose kernels contain a term 
having a logarithmic factor. 
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This is a new class of integral equations to the solution 
of which we cannot apply directly the known methods of 
procedure. We shall not stop to solve the general problem 
but treat a single example to indicate the method which is 
convenient to use. 

Let us try then to solve the integral equation 


(15) [7 lop £) Wee 


where C denotes Euler’s constant. 
Multiplying both members by v(x, y), a finite continuous 
function, and integrating from 0 to y, we have 


(16) ec y) dx [© flos(x—B)-FC1ae 
= [1 d el’ On CEES ES ARICROIS. 


= | 9) tee ae 
If we can obtain v(x, y) in such a manner that 
y 
[loge —£)+C] »@—9) dx=(y-8) 


where a@ is any positive number, the problem will be solved, 
for the equation (16) can be written 


\7@ (y-«de= ii Hoavear da 


and this equation belongs to a well-known class of integral 
equations. Now, if we take the well-known formula in 
the theory of the Euler Integral: 


[eee eet Oa ee 
: V@T@  ~ Pets)’ 


we observe that the second member is a function of a and 8B. 
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If we integrate with respect to 8 and differentiate with 
respect to a, we obtain 
ee) 2: ¥g- A Oem 
,da\ Ta) s I(B) I'(a+8) 

and if we put a=’ =1, we have 

[dose +048 | gen dB=-O--) 

: o T(B+1) ; 
We can therefore take for v(x, y) the function 
ve, y)=— | eer a6. 
o P(B+1) 
The formula giving the solution of the integral equation (15) 
is therefore: 
‘9 1 


@ 
fe)=--# [o@dt) paz o-Ps 


In a similar manner the integral equations are treated upon 
which depend various problems in the determination of 


logarithms of composition. 
31. As an application let us consider the solution of the 
problem proposed in § 28, that is, to determine 
logs F 
where F is a function which belongs to the closed-cycle 
group and F (0) =1. 
We found 
=) * yack FP i 
F’i+ 5 ae +... 


log: F= pe4+——__——_.-. 


(log(y —x) +C) 


Hence if we put 

we * 19 * 13 * 

Pi+ s+ ot. Saat y—X); 
we shall have to solve the integral equation 


[se _ x) (log(y—£) + €) dE=o(y—*)s 
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or, changing variables, 


[18 (og(x—£) +0) dé=6(@). 


If we observe that ¢(0) =0, then 


bt, Bs 
ee ae 


and therefore, applying formula (1’), we have 


fiy- “=x OAs me ial el Aa 2 ip 
me Ge! 
‘Tiers 

and finally 

logs F= Fe— =|" ga) +) dae 
y= ey 
Tas?! 


Therefore, by using the preceding formula, we can obtain 
the logarithm of composition to base unity of any differentiable 
function of the first order which has its characteristic jhe to 


unity and belongs to the closed-cycle group. 


Vitro VOLTERRA. 


THIRD LECTURE 


InrRopucTION — Functions oF Composition — DERIv- 
ATIVES AND INTEGRALS OF ComposITION — APPLI- 
CATION OF INTEGRATION OF ComposITION TO Loc- 
ARITHSM OF COMPOSITION AND TO PowrRs oF Com- 
POSITION. 


1. Introduction 


1. At the beginning of the first lecture we considered a 
particular function of composition which we expressed in the 
form 

Sx, 9) =F, y) +P @ 9) —P@ 9) +--5 
and which, we said, belonged to the general class of func- 
tions which depend on other functions, 1.¢., to the class of 
functions of lines. We can obtain a more complete formula, 
according to the notation which we have been using, by 
adding a term to the right-hand member and writing instead 
of S the function 


Sn ° & & 
eee f° — FP — es 
Pur Po -F4+FP?—F3+ 
We shall extend this concept and examine in this lecture 
general functions of composition. 


2. Functions of Composition — Derivatives and Integrals of 
Composition 

2. We shall develop in particular those ideas which are 

connected with the subject which we have been treating, 1.¢. 


with the subject of powers and logarithms of composition, 
229 
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reserving for another memoir a more thorough and complete 
development of the subject in general. 
3. If we have an analytic element 


ice) 


(1) aly Ontos 
0 


with center z =0, convergent within a circle radius R. Then, 
if the function F(x, y) is finite and continuous, the function 
co * 
Zp ly, Le 
0 
is also finite and continuous and permutable with F. We 


shall call it a rational entire function of composition of F. 
Now consider the expression 


b 
Din Undue 
1 


This has a pole of order p if b,20. If we assume that F 
possesses a derivative, then, according to the definition 
given in the preceding lecture, the expressions 


m Om 


oMs 


and 
Zn an P*™ +3 y Big f-™ 
0 


have a meaning. The latter will be called a rational func- 
tion of composition having a pole of order p. 

If we suppose 7 to be positive we can calculate also the 
expression 


© am op Pap 
=m Oy F® +Dn Om EO. 
0 


This 1s an irrational function of composition if it contains at 
least one term having a fractional exponent. 


Let us consider 
& 


LF. 
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We do not: yet know whether, corresponding to any finite 


continuous function F, the function 1 F exists (cf. the preced- 
ing lecture). However, if the logarithm of composition 
exists when F belongs to a certain functional field we shall 
call it a logarithmic function of composition. 

The sums, the resultants of composition and the ratios of 
composition of several functions of composition will be 
regarded as new functions of composition. 

4. We shall represent the various functions of composition 
by means of the symbol 


&(F). 
F will be called the argument of the function ®. 


If v (F) is a function of composition, and F (@) is another 

function of composition, we can obtain 
vF@)), 
which will be called a function of a function of composition. 

5. We thus have the means of defining various classes of 
functions of composition. We should be able to obtain new 
functions as uniform limits of those previously obtained by 
making the parameters which they contain approach given 
values. But we will proceed now to establish a general 
definition of the term function of composition which will 
include as particular cases all these classes. The method 
which we shall adopt to attain this end consists in stating 
two fundamental properties common to all the functions 
hitherto examined, and in assuming these properties as those 
which define, in general, all functions of composition. 

The first of these properties is this, that all the functions 
previously examined are permutable with the function which 
constitutes the argument; we proceed to formulate in the 
following paragraph the second fundamental property. 
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6. Let us return to the rational entire function of com- 
position 
®(F) =D, dm E™. 
If we form the expression 
b(F+ef)-8(F), 
where € is a number and f is a function permutable with F, 
then as € approaches zero the expression approaches zero; 
moreover 
b(F+ef) -O(F) 
ef 
approaches a limit which is easily calculated, namely 


co * 
a) Uglied 
1 


This expression is thus independent of f. It is called the 
derivative of composition of ® with respect to F. 

The rule for calculating the derivative consists in differ- 
entiating the series (1) with respect to z and substituting 
for the powers of z powers of composition of F. Hence the 
rule is the same as the one for calculating the ordinary 
derivative provided that instead of the ordinary powers we 
use powers of composition. 

It is easy, in this manner, to extend the concept of the 
derivative of composition to rational functions of composition 
having poles, to irrational functions of composition and to 
all those which can be obtained from these by the operations 
of addition, composition, forming ratios of composition and 
forming functions of functions of composition. The rules 
for finding derivatives of composition are the same as those 
which are applied in ordinary differentiation except that in- 
stead of the ordinary operations of multiplication, raising to 
powers and forming ratios, we substitute the corresponding 
operations of composition. 
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We can extend this concept of the derivative also to 
logarithmic functions of composition. If we wish to obtain 


. . . . * . . . 
the derivative of composition of ] F, it is sufficient to ob- 
serve that 


JF =F, 
and thus we find that 
giF po, 
dF 


We can therefore generalize the foregoing rule for finding 
the derivative of composition also to expressions containing 
logarithms of composition. 

Evidently, in all the cases considered, if the increment 
given to the function F is ¢ f, a function permutable with /, 
and if € is made to approach zero, then the limit of the ratio 
of composition which has for its numerator the increment of 
the function of composition and for its denominator e¢ f will 
be independent of f. This is the second fundamental property 
which we were seeking. 

To represent the derivative of composition of the function 
® of the argument F we shall use the symbol 

* 

(1) =a 
dF 

7. With these introductory notions let us proceed to 
state the general definition of the term function of composi- 
tion. 

Let ® (x, y) be a function which depends on all the values 
of the function F(En), x <£<n<y, in the sense in which 
these terms are used in the theory of functions of lines, so 
that we can write, in the notation of that theory 


o=a\ (FG 7) 
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and let us suppose that F(x, y) can vary in a certain func- 
tional field for which it is assumed that, if f and @ are con- 
tained in it; a f+) ¢ is also contained in it, a and b being 
parameters which are independent of x and y and which 
vary over a certain interval. Let the functions ® and F be 
permutable. Wewill further assume that they are continuous, 
that is to say, if B(x, y) corresponds to F (x, y) and ®i(x, y) 
corresponds to Fi(x, y), ® approaches ®, uniformly when F 
approaches F, uniformly. 

Besides this we will assume that, in the sense in which 
the operation is carried out in the theory of functions of lines, 
® can be differentiated with respect to F, so that it will be 
possible to obtain its successive derivatives to any order 
that it may be necessary to consider. 

Let us substitute for F(&, 7) 


FE, n) +e f(& 0), 
which is permutable with F(£, 7), and indicate by ®’ (x, y) 
the corresponding value of © (x, y), and let us form the ratio 
of composition 


* * 
p’— 
ef 
and let € approach zero. If there exists a limit of this ratio, 


independent of f, we shall say that ® is a function of composi- 
tion of the argument F and we shall represent it always by the 


> 


symbol &(F ) which we adopted previously. The limit in 
question will be called the derivative of composition and will 
be indicated by the symbol, already introduced, 


* 
d® 
ae 
dF 
Like the ordinary derivative the derivative of composition 
can be regarded as an actual ratio of composition, and the 
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numerator and denominator constitute respectively the 
differential of the function and the differential of the argument. 

The two fundamental properties of functions of composi- 
tion are therefore: (1) The function is permutable with its 
- argument; (2) the derivative is independent of the differential 
of the argument (cf. § 10). 

8. Let us prove now that the derivative is also a function 
of composition of F. 


If we denote by W the derivative = we can state first 


that 
V=¥ | (FE |: 


We will show that WV possesses the two fundamental proper- 
ties which serve to characterize a function of composition. 
The first of these fundamental properties holds for the 
derivative WV, since it is permutable with F. 
Let us proceed to prove that the second property also 
holds. It is to be noted, then, that we have 


b(F+a fi) -8(F) =a f Vte hs, 
where f is permutable with F and h; approaches zero with 4. 
Let fe be a function also permutable with F; and form 


the expression 


&(F+a fitef) —b(F +4 fh) ~(F +62 fz) +O(F) 
Hef fh | [F+efd | -¥ | (Fl |} +e”, 

where hy’ and hh,’ become zero with €; and & respectively. 

Since W, by the hypothesis which we have made, is differ- 
entiable according to the rule for functions of lines we can 
write 
(2) W | [F+e: fal | — Y | (F] | =e2 teak 
where hz approaches zero with é:. If then we assume the 
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existence of the third differential, in the sense of the theory 
of functions of lines, we can write 
U(F+efitef) —o(F +e fi) —b(F +e fr) +2(F) 


* 
Ul 
Fy =€ fi Oita eh”, 
where h’’ approaches zero with ¢ and e. 


Hence : 
(3) Yin BE ee) oF eh ae 
mid 1 €2 
e=0 


* * 
=f; 01. 
But the first member is symmetrical with respect to f, and 

f, x * 
fo; 1t can therefore be put in the form f262, and therefore 
* * * 
fi 01 =fe 02. 
Assuming f; and fz to be of determinate orders it necessarily 
follows that 


(4) 0, =f Or 

(4’) 0. =f 1 812 

so that the limit (3) will be equal to 
hjeee 


Now W is independent of f,, therefore 6; is also independent 
of f;. On account of (4) it follows that 0. is independent of 
fi. By the same reasoning, on account of (4’), 01. must be 
independent of fz. Hence 6, is independent of f; and fs. 

Now consider again equation (2). In view of (4) we can 
write 


Vv | [F+ fo] | —W | [F] [es eke Bieber hey 
and consequently 
lim VF +e fl |-¥ FI ip 
be a € fo 


6, being independent of fs. We have thus shown that 
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d® 
Vv = 7 possesses also the second fundamental property and 


it is therefore proved that W is a function of composition 
of F. 

When the successive derivatives of composition of ® exist 

they will be denoted by 

eb dd 

dF? dFe 
and they will all be functions of composition of F in the sense 
already stated. 

9. We will proceed now to set forth certain observations 
which will serve to make clear and complete the concepts 
which we have so far formulated. 

We will begin by noting that it is always desirable to 
specify the functional field of variation for the argument of 
the function of composition which is being examined. 

Thus, for example, consider the expression 


(5) ie F(x, £) Wy —£) dé, 


and regard it as dependent on all the values cf F(é, 7), 
x <£<n<y, in the sense of the theory of functions of lines. 
Provided that the function F belongs to the closed-cycle 
group the expression (5) represents a function of composition 
_ of F; such is not the case otherwise. 
In fact, if we take 
F(x, £) =F —x), 

the function (5) will be permutable with F; whereas, in 
general, if F(x, ) does not belong to the closed-cycle group 
the condition of permutability is not satisfied. Therefore 
the first fundamental property (§ 7) holds only if F belongs 
to the closed-cycle group and therefore the argument will 
have to be supposed to range over this field. 
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10. The question might be asked whether, in defining 
a function of composition (§ 7), it was necessary to state 
explicitly the condition which we have imposed upon the 
derivative: that it be independent of the differential of the 
argument (second condition), or whether this condition 
might be, on the other hand, a necessary consequence of 
the condition of the permutability of the function with its 
argument (first condition); but it easy to see that the two 
properties are independent, in the sense that it is possible 
for a function to be permutable with its argument without 
the necessity of its derivative being independent of the 
differential of the argument. As an example let us consider 
the expression 


(6) ip F(x, £) (E—x) dé. 


as dependent on F. 

If we suppose F to belong to the dpa. group, that 
is to say, F(x, &) =F(&—x), 
the preceding expression becomes 


|. “F@ame t 


and we have here a function which belongs to the closed- 
cycle group. It is therefore permutable with F. The first 
fundamental property (§ 7) is therefore satisfied. 

Now let the increment € f(y —x) be added to F(y—x). The 


increment of the expression (6) is 
y-2 
e | "Fn @end n. 


In order to calculate the ratio of composition of this 
increment and the increment of the argument F it is sufficient 
to solve the integral equation 


€] #90) aqee | ‘tQ-8 W(E—x) dE. 
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The solution y will be the required ratio. 
Now, differentiating both members with regard to y, we 
have 


f (y—x) Q(y—x) =f (0) Wy—a) +['F0 ~)) WE-«) dé, 
or 


F(@) Q(x) =f (0) W(x) +|/ f'(x—£) W(8) dE, 


and it is evident that the solution y depends on f. 

It follows that the second fundamental condition of § 7 
(namely that the derivative of composition be independent 
of the differential of the argument) is not satisfied, although 
the first condition, that of the permutability of the function 
with its argument, is satisfied. 

11. The importance of this second condition consists in 
its being invariant to the successive operations of passing from 
the function to its successive derivatives: in other words, if the 
condition is satisfied in passing from the function to its first 
derivative it will also be satisfied in the successive passages 
to the other derivatives. This is the significant fact con- 
cerning the thorem of § 8. 

In recognition of its importance we will give another 
proof of this fact for the particular case in which the func- 
tional field of the argument is that of the closed cycle. 

Suppose then that to every function F of the closed cycle 
another function ©, also belonging to the closed-cycle group, 
is made to correspond in such a way that, according to the 
general definition of § 7, ® is a function of composition &(/’ is 

Consider the function 


de 
z= 5 

dF 
y belongs also the closed-cycle group and is independent of 


d F (according to the fundamental property of § 7). 


= prsz 


——————— 
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According to the theory of functions of lines, 
sa=[' O(a, 8) 3FOdE=| Ve—H3 FOd & 
and therefore 


®'(x, £) =p@—Zé). 


If we pass to the second functional derivative, we obtain 
6 8'(x, )=3He-f) =| O"@—E 2) 8 Pl) do. 


But by virtue of the symmetry of the second derivative 
(see loc. cit., ‘‘ Lecons sur les fonctions de lignes,” Chap. II, 
§ 4), it follows that 
B(x —€, n) =0" (x —n, ), 
or, assuming the existence of the derivatives of ©’, 
ab” ab” _ aa" 
io. jeanne 


and consequently 


B(x —§, 0) =O" (x —n, £) =O" (w-—E—n); 
therefore 


8 v(x—£) = [@"@-é-1) 6 F(n) dn. 
It follows that 


dO [an 0 [an 
| o"@—E-0) 8 F(a)dn +2, ['4"@—-E—n) 5F (a) dn=0, 
and therefore, performing the differentiation, 
"(—£) 6 F(x) =0 (€>0). 
We have then 
(a —E—n) =0 


when 7 lies between x —£ and x, from which it follows that 
z—t 
5 ve) =|" OG —E—n) 6 Fla) do 


and this shows that our theorem is true, since the equation 
can be written 


Sp=o" OF, 
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and therefore 
av _gr, 
‘ dF 
that is to say, the ratio 
db 
dF 


is independent of the differential appearing in the denomi- 
nator. 

12. If @ is a function of composition of F the operation 
differentiation of composition can be carried out by means 
of differentiation, as applied in the ordinary sense. 

In fact, 

ie @(F +e f)—%(F) 

<=0 ef 
must be independent of f, since this function is permutable 
with F. If we take jak, we have 


b(F+e F)-b(F) _&(F+e FP)-8h) | 


ere: € 
therefore 
db _), &(F +e F°) —8(F) _ (eeu!) 
hn ———__—_—_ -|-—_ |, ; 
dF «x0 € dz s=0 


and by this formula differentiation of composition is reduced 
to ordinary differentiation. 
13. Let us consider the expression 
&(F:) -O(F)), 
where F, and F, are permutable. By Lagrange’s formula 
we can write 


&(F,) —(F) = goAE AEs FUN) 


where 6 is a number which lies between 0 and 1. 
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By this formula it follows that 


* * * * d® 
F.) —®(F)) =(F2 —F- —;x 
@) oe oe ’) (S F=h+0h:-F) 


or, if we put F,=Fi+4f, 
&(F,+f) = &(F,) +f 


where F, and f are permutable. 
There follows a formula analogous to Taylor’s formula 
in which the existence of the successive derivatives of com- 


ae =Fi+of 


position is assumed, namely 
b+ =F) +f (S Den +2 (4) ot 
d F2/ F=hi 
1 ie mtg 
Tl E(t Fu} p=r, * Gn +1)! d Fatt] rar tegf 
f being permutable with F,; and 6 m lying between 0 and 1. 


14. From formula (7), assuming the peeps of : a 


» DE (4 
a d EF R= rr 
where the piste Fy ye = 2 are supposed to be permutable. 
Let us suppose that F(x, y | s) depends on the parameter s 
in such a way that for all values of s lying in a certain interval 
the function F obtained belongs to a certain group of per- 
mutable functions. We can then consider 


P(F(x, y | 5) ) 
as a function of s. By equation (7) we have 
B(F (x, y | s0-+h)) - BUF, y | 50) 
_Fa@,y BL toe F(x, y | 50) 
(3 F F=Fit0(Fe— Fi) 


where it is supposed that ae y | 50), F2=F (x, y |50+h) 
and @ lies between 0 and 1. 


Third Lecture | 243 | 


Assuming the existence of the derivative of F with regard 
to S, and passing to the limit as 4 tends toward zero, we 
obtain 


(8) d&(F)_dFde 


eer | 


ds adsdF 


15. From formula (7) it follows that if, for every function 
F of the field we are consideHne, 

d® & 

dk 

then ® is independent of F: that is to say, ® is equal to a 

fixed determinate function belonging to the group of per- 

mutable functions, which contains the field of functions 


=0, 


over which the argument F ranges. Consequently, if b,(F ) 
and &,(F ) have the same derivative of composition they can 
differ only by a fixed determinate function which belongs 
to the group of permutable functions to which F belongs. 
16. We proceed now to the subject of integration of 
composition. Let there be given a function of composition 


&(F ), and let us consider the function 

F(x, y | 5) 
such that, for all values of s lying between certain limits a 
and b, F(x, y | s) belongs always to the same group of permu- 
table functions. Let us suppose that @ and F are of positive 


order. 
We now form the expression 


&(F(x, 9 |5)) 


by composition; and, assuming = as a function of s, it is 
integrable, we calculate the integral 


(9) [se@,s1 G2? as, 


9 Fe yl) 
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This is obtained by dividing the interval a 6 into n parts, 
hi, fo, .. - Any then forming 
F,=F(x, y|athtm+...+h), Fo=F(«, y | 4) 


nm—1 * * * 
(10) lim ya) &(F,) (Fo41 —F,), 
0 
and passing to the limit in the final sum by making all the 
intervals hi, h2,..., 4, tend toward zero, at the same time 
increasing the number of intervals indefinitely. 
17. Let us put F(x, y | a) =F, F(x, y |b) =Fs. We will 
write the integral (9) in the form 
* * b x * 
| 5(F) af=| &(F) dF, 
orinthe form j 
FRx x 
(11) | *"5(E) dF. 
F4 
To justify the notation (11) it is necessary to prove that, 
if we take another function 
F'(x, y | 5’), 
which for the totality of values of s’ lying between a’ and b’ 
represents a set of functions belonging to the same group 
of permutable functions as before, then, provided that 
F'(x, y | a!) =F 4, F’(x, y | 6’) =F 3, we obtain for the integral 
b’ ad , 
9’) [be 91) ASH ay, 
the same result (9)*. 
For this purpose consider | 
F(x, y | u, 2), 
and let us regard u and v as the codrdinates of points of a 
plane. For all the values of u and v corresponding to points 
* For an example of two such functions F (x, y | s) and F’(x, y |s’) we can take 
F(x, y | s)=1+s(y—x) +3°(y—x)? 
F(x, y[s)=14+6'—2) (6’—1) cos (y—x)+(y—«)2(s’ -1)?+-(y—x) (s’= 1), 
and 4=0, b=1, a’=1, b’=2. We then have 
F (x, y | O)=F'(x, y | 1)=1; F (x,y 1) =F" (x, y | 2)=14+-—x) +(y—2x)2. 
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of a certain area o and of its contour S let us suppose that 
F is a function belonging to a given group of permutable 
functions. Let us form the integral 


| @@ar-| écr) tas 
Ss s dS 
et RASA 


=| a Sa astaezs 


If no singularity exists in the interior of the region ¢, by 
virtue of formula (8), we shall have 


* ak du OF dv 
JP (S7 7sta0 as) * 
A fs. 8 fe oF 
=| 455 (3 a) 2. (t) of) hae 
3 See dt, OF 
=| RPM at 352° 
pat chomtst oh) 5-0 


LF dvdu dudD 
It follows therefore that 
(12) [© dF =0. 
From this formula we deduce the result that, if it is possible 
to pass from F(x, y | 5) to F ’ (x, y | s’) continuously without 
allowing F and B(F ) to traverse any singularities, then the 


two integrals (9) and (9’) lead to the same result. 
18. Regarding F, as fixed and Fs as variable, the integral 


FR x * 
| é(F) dF 
Fa 

represents a function of composition of Fz. If we call it 


WE 3), we Shall have 


246 Functions of Composition 


In order to integrate the rational or irrational functions 
of composition which we have considered previously it is 
sufficient to apply the ordinary rules of integration and to 
substitute powers of composition for the ordinary ones. 

It is possible, evidently, to consider differential equations 
of composition by examining the relations between functions 
of composition and their derivatives of various orders. 

It is also possible, evidently, to consider functions of 
composition and the derivatives of functions of composition 
of several arguments. 

19. It is easy to recognize the analogy between the theory 
which we have developed and the theory of functions of 
complex variables. The second condition imposed upon 
the derivative of composition of a function of composition 
(§ 7) corresponds evidently to the condition that the deriva- 
tive of a function of the complex variable z be independent 
of the direction in which the point representing the variable 
z is displaced in the complex plane (condition of mono- 
geneity). Each of these conditions is preserved in successive 
differentiations (theorem of § 8). 

Furthermore, formula (12) corresponds to Cauchy’s 
Theorem, and evidently we can state that a necessary 
condition that a function be a function of composition is 
that it satisfy formula (12), thus establishing a reciprocal 
theorem analogous to the well-known theorem of Morera, 
the converse of Cauchy’s Theorem. 


3. Application of Integration of Composition to Logarithms 
of Composition and Powers of Composition 


20. We have seen that 
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hence 


Palm” Fiat : * <% s * 
= F° pei jog 2) 
nN nN 
pet... oh -F-) | 
fe43(F-F*) F of°+2(F —F*) 
nN 
or 
Flrag-iyf 2 
oF°+2(F —F°) 
Now 
FE 1 eS * 2 * 
_ + = (F-— P ey ey 
Peak) tet “C-# 


We are thus led to inquire whether the integral 


1 d Z 4 * 22 * 

[2 ¢-htae i...) 
is convergent. The proof of the convergence depends on 
the following theorems which we will state without proof. 

21. Theorem I. Let F(x, y) be a finite continuous differ- 

entiable function, a<x<y<b, and let 
0 F(x, y) _ O F(x, y) — 0? F(x, y) _ 
9 Fl») _F(x,y), FED =x, 9), Ge gy PHD 

F(x, x) =1, Fix, x) =F, x) =0 
(in other words we suppose that F has the canonical form, 
Lecture I, § 10) and let fi, Fa, Fe be finite and continuous. 
Then 
(I) Da eg ee gee ee. , 
and when z varies from h>0 to 0, ® will remain less than a 


certain finite number. 
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Note: The condition Fi(x, «) =F.(x, «) =0 can be re- 
moved and the theorem will still be true. 
Theorem II. Jf the conditions of the preceding theorem 
are satisfied, and if the functions 
Ofek OF Fr 
0x2’ Oy?’ Ax Ay?’ Ady’ 
are finite and continuous and their absolute values are less 
than M, then for y>x 


lim Be, y |2) = FEED) 4 [EOE WE 9) ds 


where 
W(x, 4) By Sy ey 089 


and for y =x 
lim P(x, y | z) =0. 


22. From Theorem I it follows, under the conditions 
imposed, that the expression 
4 * 
lim (z F—2z? F2+23 joe &) 
2=-+0 
is equal to zero for y>x and is infinite for y=x. Further- 
more, if F(x, y) is greater than a certain positive quantity, 
lim (2 F+2 P28 Po. )= 
s=+ i) 

These properties show the close connection between the 
very general series (I) and the exponential series. More- 
over, Theorem I (see the remark at the end of the theorem) 
serves to answer the question concerning the convergence 
of the integral (1). The fact that F is reduced to the 
canonical form (Lecture I, § 10) or even simply the fact that 
F(x, x) =1 suffices to show that the integral in question is 
convergent, and therefore 


(iD Piro -f)| 2 (F- b+ * f-...). 
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23. As an example we will now apply formula (II) in 
order to obtain the expression, already found in another 


way, for i/j1 (cf. Lecture II, § 22). 
Putting 


eee Gare N+q~y o-at----) 


= a dz 
0 1-—z 3 
we have by virtue of (II) 


ij1=(-i}. 


But 
fa-| or “ap 
fo fa) = [eo Gea dans, 
therefore 


(17) f= e|é S48 logxte | log tetdb 


from which it follows that 
(di —i°) f= -|' log ed e+’ eda) log Ee“ dé 
=log x— I, log £ e~§d &=log x— I’ (1) =log x +C, 


where C denotes Euler’s constant. We thus find again the 
result 
S| i1=log x+C. 
24. Returning now to the general formula (II) we ob- 
serve that it gives us a method of calculating 
| FiF, 
where F, its first derivatives and its second mixed derivative 
are finite and continuous and also F(x, x) =1. 


i or a 


eS a ae 
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We have in fact, by reason of (I), 
1 fs 
(F-72 [= et as a 
Pape So if. See NESS 
-(4F-gpt a =F...) 


Serer 2 ® (9/755) :) 1 


cS “a 
+W(x, y|z) 1-2), 


where W (x, y |x) is always finite and continuous. Hence, 
making use of (16) and (17), 


1 dz Zz * 2 * 
\ ac (a —2z)? ite :) 


epee i. 1 
= [ere £2 +) ¥G y |x) 2) de 
1—z 0 


0 


Px 


ioe 


i 
ae. 
1 


= 0g o-n)+287] log Ee" dE+0(x, y), 
yx 
where 6 (x, 2 is finite and continuous. It follows that 


@-§) i+ 
=log (y—«) +e~ ie log & e~td E+6(x, y) 
+ fre, 8 { log 6-9 


+o-]" lognerdn +e, »)b ag 
a 

=log (y—x) +x, 9), 

where x is finite and continuous. 


We therefore have the theorem: If F (x, y) is such that 
F (x, x) =1, then 


F1LF=log (y—x)+x(x, y), 
where x (x, y) 1s a finite and continuous function. 
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The function x (x, y) can be calculated by obtaining first 
®@ as the solution of a certain integral equation and then 
finding W and @ in the manner indicated above. 


It is unnecessary, therefore, to know F* in order to be 
able to calculate F / F , and the calculation can be carried out 
_ by operating directly on the given function F (cf. Lecture II, 
§ 21). 

25. In this connection one other fact should be added; 
not only is it unnecessary to know F* in order to obtain 
F i F, but, on the other hand, by means of the latter it is 
possible to calculate F* when F is given. 

In fact, when FiF is known, we can obtain 
. Fi), FUR, FC P)...; 

and therefore, by applying the formula (see Lecture II, § 25), 
pe P eee ee. a4 


Foti =F+ 


. * . . 
we can obtain F?*1, expressed in terms of a series of powers 
of z by means of operations performed on F alone (see 


Lecture I, § 23). The power series thus obtained for peti 
is always an entire function. 
We have here verified, in the case of powers of composition, 
a fact which corresponds to one which we meet with in the 
case of ordinary powers, namely, that in order to obtain the 
former in general, it is convenient to use logarithms of 
composition, just as in order to obtain the latter in general 
it is convenient to use the logarithms of ordinary algebra. 
This is another confirmation of the utility of introducing 
logarithms of composition. 
Vito VOLTERRA. 


II 


FUNDAMENTAL POINTS OF 
POTENTIAL THEORY 


This paper is a study of the Stieltjes integral in connection 
with potential theory. The Stieltjes integral is well adapted 
to the investigation of problems of mathematical physics, 
first because it applies equally well to discrete and continuous 
sequences of values, and thus enables either to be regarded 
as an approximation to the other, and in the second place 
because it is based on additive functions of point sets, or in 
special cases additive functions of points, curves, and sur- 
faces, of limited variation. These latter are familiar to us in 
volume, point, curvilinear and surface distributions of mass 
and electricity. 

Laplace’s equation also remains fundamental. Even if 
complete statements require a four dimensional space, 
whenever a three dimensional space is used Laplace’s equa- 
tion will be merely the statement that one is dealing with a 
conservative field of force, without divergence. And the 
general vector field in three dimensions can be built up out 
of two special vector fields, one being of this precise character, 
and indeed both of them bearing a special relation to La- 
place’s equation. 

Part 1 of the paper develops the general properties of the 
potential function expressed as a Stieltjes integral, and 
demonstrates the relation of the potential function thus 


defined to the integral form of Poisson’s equation, which 
252 
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applies to any sort of distribution of mass. In particular 
it is shown that the differential form of Laplace’s equation 
is not less general than the integral form. Part II 1s con- 
cerned with general forms of Green’s theorem as applied to 
polarization vectors and solutions of Poisson's equation. 
Part III is devoted to the boundary value problem for 
harmonic functions and the general open region. 

These studies originated in 1907, when it first became 
apparent to me that the theory was unnecessarily compli- 
cated by the form “of the Laplacian operator, but I did no 
work on the subject until 1913, when it occurred to me to use 
instead of the operator 

2 ft. e2 ) ey. 


ax Oy? 
the operator 
lim 
h=0 
ulx+h, y) tule, y+h) +ulx—h, y)tul%, y~h) —4 u(x, y) 
he j 


or the operator 
; Ou 
lim | ——ds, 


o=0Js07 
where s is a closed contour containing an area ¢ which is 
allowed to approach zero. The first of these operators had 
been used by H. Petrini, and conditions for the existence of 
the limit discussed.t) The second idea, under the form of 


the equation 
hos ds=0. 
,On : 
had, it turned out, been discussed by Bacher,?) with relation 


1) H. Petrini, “Les derivées premiers et secondes du potentiel,” Acta Mathematica, 
vol. 31 (1908), pp. 127-332. Hereafter references to an article already cited will be 
made by quoting the number of the reference. 

2) M. Bocher, “On harmonic functions in two dimensions,” Proceedings of the 
American Academy of Science, vol. 41 (1905-06). 
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to Laplace’s equation; of the two it is obviously the concept 
which is the more closely allied with the physical interpre- 
tation. The fundamental problem from this point of view 
was discussed by C. W. Oseen.*) 

In spite of the generality and importance of Oseen’s dis- 
cussion I have spoken of these general equations, as Integro- 
differential equations of Bécher type, since apparently it was 
Bécher who first considered them from this point of view. 
The operator has been considered somewhat roughly by 
Ignatowsky, where in three dimensions it occurs as a vector 
operator.!) Further references and a systematic treatment 
from the point of view of Riemann integration of the equa- 
tions of elliptic, hyperbolic and parobolic types will be found 
in the Cambridge Colloquium.®) 

The present paper is an endeavor to obtain results com- 
mensurate in scope with the general theory of integration, 
thus to continue in the direction pointed out by C. de la 
Vallée-Poussin in his treatment of additive functions of 
point sets.®) The author in this connection takes the oppor- 
tunity of acknowledging how much he has benefited by the 
exchange of ideas in conversation with his colleagues, espe- 
cially with P. J. Daniell, whose studies on a general form of 
integral are now available.’) The theory has been worked 
out here for two dimensions only, but much of the material 
is obviously independent of the number of dimensions. For 


3) C. W. Oseen, “ Uber die Bedeutung der Integralgleichungen in der Theorie der 
Bewegung einer reibenden, unzusammendriickbaren Fliissigkeit,” Arkiv for Mathe- 
matik, Astronomi och Fysik, Band 6 (1911), No. 23. 

*) Ignatowsky, “‘ Die Vektoranalysis,” Leipzig (1909-10). 

5) Evans, “ Functionals and Their Applications,” The Cambridge Colloquium 
(1916), Part I, New York, 1918, Lecture IV. 

6) C. de la Vallée-Poussin, “ Intégrales de Lebesgue,” Paris (1916). 

”) P. J. Daniell, “A general form of integral,” Annals of Mathematics, Vol. XIX, 
No. 4 (1918), and continued in later papers. 
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the working out of the rest, the author is counting on the 
help of his colleague, H. E. Bray, who has already published 
sa study of Green’s theorem in terms of Lebesgue integrals.*) 
The central equations under discussion are the following: 


(1) | ee = 0. 


(2) |, Vu dae F (5), 


where F(s) is an additive function of closed curves s, and 
VY, « represents the normal component of the gradient of u. 


1. Stieltjes Potentials 


1. Stieltjes integrals. Additive functions of point sets. 
Let © be a bounded domain in the plane, and f(e) an additive 
function of point sets, defined for sets ¢ of 2 measurable in 
the sense of Borel. Such a function can be written as the 
difference of two additive functions each of which never 
becomes negative for any set ¢, one of them corresponding 
to the positive and the other to the negative variation of f(e): 


f(e) =p(e)—n(e). 
The function of point sets 
t(e) =p(e)+n(e); 


8) H. E. Bray, “A. Green’s theorem in terms of Lebesgue integrals,” Annals of 
- Mathematics, Vol. 21 (1920), pp. 141-156. 

A form of Green’s theorem has been proved by P. J. Daniell, for a general region, 
but with more restricted functions; see 

9) P, J. Daniell, “A general form of Green’s theorem,” Bulletin of the American 
Mathematical Society, Vol. 25 (1919), pp. 353-357. 

A first paper on the present theory has been published in the article: 

10) G, C. Evans, “ Sopra un’equazione integro-differenziale di tipo Bécher,” Rend. 
della R. Accad. dei Lincei, Vol. 28, 1° sem. (1919), pp. 262-265. 
and a summary of the present paper will appear in the article: 

11) G. C. Evans, “ Problems of potential theory,” Proceedings of the Nat. Acad- 


emy of Sciences, Vol. 7, 1921. 
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which is additive and also not negative, is the total variation 
function of f(¢).* 

We might understand f(e) physically, by assuming that 
an electric charge is somehow distributed on points, curves 
and areas in the region &, and letting f(¢) represent the total 
charge on the set of points ¢. 

In contradistinction with functions of point sets we 
consider also of course functions of x, y in the usual sense. 
Such functions are point functions, and for brevity we shall 
write them as functions of a single argument M, the point 
whose coordinates are x, y. 

1.1. For integrands g() which are continuous, the defini- 
tion of the Stieltjes integral. | 


(3) Jean d fle, 


is well known in terms of a Riemann summation. By 
making a division of 2 in mutually exclusive domains e; of 
diameter <6, and taking ; a point of ¢;, we arrive at the 
customary definition 


(4) | 900 4 fe) =lim B; «(My fle), 


» 


and consequently can justify the equation 

6) | aa af@=| aa ape)-| aa ance). 

In the case of g(M/) =const., equation (4) gives the result 
(5!) | <df@=cf@). 

In general, if g() is continuous, it is at once obvious that 
5") |] a(t) d F(e)-2ig(Mt) df(e)| sent), 


where w; is the upper limit of the oscillation of g(M) ina point 
set of diameter <6. 


* See *), p. 58. 
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To integrate g(/) with respect to f(e) over a set £ in 2, 
measurable in the sense of Borel, it is sufficient to define a 
new additive function of point sets $(¢) 


=f(£e), 
and define ote Fe) 


(4) gan df(e) =| d$(e). 


Properties analogous to those expressed by equations (5), 
(5’) and (5’’) are seen to hold. 

1.2. In the main, we shall use functions g(M) which 
are continuous, and certain others which are the limits of 
continuous functions. Nevertheless it is desirable to have 
at hand the principal theorems for the more general case, 
and these are accordingly reproduced below.* 

If the function g(M) is not continuous, the integral is 
defined by limiting and linear processes, and the equations 
expressed by these processes are maintained as properties 
of the integral for all functions which are measurable in the 
Borel sense, and have integrals. The equation (5) is such a 
property, also the following ones. 

(6’) Ifg¢;(M) constitute an increasing sequence of functions, 


such that can d t(e) exists for all values 7 =1, 2, 3, ..., and 


has a limit as 2 becomes infinite, then 


lim {gj(BZ) d f(e) =|lim ai(M) 4 f(. 


Yeh 


(6) If lim g(/) =qg(M), where [aan dt(e) exists for all 
jes 


*For those properties which are essential merely for the study of Stieltjes po- 
tentials, see). For a more general and systematic study, see’). 

+A different method of extending the field of definition of the integral is suggested 
by Lebesgue. 

12) H. Lebesgue, “ Sur Vintégrale dé Stieltjes et sur les opérations fonctionelles 
linéaires,” Comptes Rendus h. de l’Acad. des Sciences, Vol. 150 (1910) pp. 86-88. 
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values j=1, 2,... and | 4;(M) | <g(M) where Jaan dt(e) 
iste then aco df(c) exists and 
Tim [a(M) af(@) =] 9(MD ace. 
(6"") If q(M)=aq(M)+b q(M) where |q(M) d4(e) and 
[asta ile) exiseaatien 
[aca af(©) =a os) 2f(@) +0) 0(M) df) 


In particular, the property (6’) provides a definition for the 
integral for functions g(//Z) that become infinite at certain 
points M. 

1.3. It will be necessary to consider iterated integrals, 
and functions q(M,, M) depending on two point arguments. 
If g(M;, M) is continuous in both point arguments we have 
such identities as the following: "°) 


7) | deen] ah, M afe)=| af] g(My M) @ gle) 
() [def ott, A ase) =| ane| ay Mao. 


In fact, these identities follow immediately from the approxi- 
mation formula (5’’). | 

By means: of (6’) and (6’”) the extension to bounded 
functions measurable in the Borel sense is also immediate. 
If the function ¢(M;, M) is not bounded we may write 

gn(M,, M) =| qm, M) | » if | q(M,, M) | Sn. 
=n , otherwise, 

and in order for (7) to hold it is sufficient that 


Rzolezee M) dij(e), 


13) W. H. Young, “ Integration with respect to a function of bounded variation,” 
Proceedings London Mathematical Society, Vol. 13 (1914), pp. 97-150; see page 149, 
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where % and ¢, denote the total variation functions of f(e) 
and g(e) respectively, remain finite; for (7’) to hold it is 
sufficient that 


[ated] ga(Mn Md or=| d 01/2 (My MD dy(e) 


remains finite as » becomes infinite. In fact, since the right- 
hand member remains finite, as n becomes infinite, it follows 


n=o 


that lim [ gn( My, M) dt;(e) exists except possibly for points 
= 
M,, which form a point set of superficial measure zero. 
Hence, by ©, | g(M,, M) df(e) exists everywhere in 2 
z 


except possibly at points M,, which form a set of superficial 
measure zero. 
In particular, the identity (7’) is valid if 
|g(M;, M) |< on 


where r denotes the distance M, M. For in this case, 


| gn(M,, M) do, <7 d const. 


| a4(e)| a(M,, M) do, < 1 t,(2) d const., 
z a1 


where d is the diameter of o. 

As we progress, we shall need to obtain the corresponding 
equations for certain particular cases, where the integral of 
the Stieltjes integral is taken over a curve instead of a sur- 
face. Here however let it suffice to consider a single case, 
where the integration is extended along a straight line. 

1.4. Let g involve a parameter @ as well as M, and be 
absolutely continuous as a function of a, for every M. Let 
q'(M, a) =9 g/d a be measurable in the Borel sense as a func- 


tion of x, y, @ and let 


&(a) =| aM, a) df(e). 
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If for g/(M, a) we define the function q,’/(M, a), analogous 
to the function g, above, and if 


ai 
| di(e) | 7'.( Mee, 
z ao 
remains finite as x becomes infinite, we may write 


“dal q'(M, a) df(e)=| dfe)| q(M, a) da, 
ida], Jaro” 


asasay 
=8(a) —P(av), 
and therefore the function 


#(a)=| ¢/(M, a) df) 
is the derivative of (a) 


(8) (a) = 8a) 


wherever ®'(a) is the derivative of tts indefinite integral, that 
is, except for values of a which constitute at most a set of 
zero measure. 

2. Stieltjes integrals. Additive functions of curves. 
The integrals in the foregoing paragraphs have been based on 
additive functions of point sets. In one dimension, an 
additive function of point sets is the variation of a function 
of a single variable, of limited variation. In two dimensions, 
functions of curves may be considered as corresponding to 
functions of one variable in one dimension, from this point 
of view; and we shall find it convenient to make use, there- 
fore, of additive functions of curves of limited variation, and 
to construct Stieltjes integrals with respect to them. 

The curves upon which such functions are defined might 
be discussed from two points of view. On the one hand we 
might seek to limit ourselves to the simplest class of curves, 
for example circles or rectangles, and obtain all our results 


Stieltjes Potentials ~ 261 


“by means of them. On the other hand, we might try to 
extend our results to the most general classes of curves. If 
we should know how the discontinuities of an additive func- 
tion of curves were distributed, it would be sufficient other- 
wise merely to know its value for rectangles in order to 
determine its value throughout. But the necessity of 
knowing in advance the distribution of discontinuities makes 
the problem different from that of additive functions of 
point sets, where by means of the values of the function for 
sets related to rectangles the function is determined for 
every Borel-measurable set. Speaking rovghly, in an 
additive function of curves there would be determined for 
any curve an outward and an inward value of the function 
but not a value on the curve itself. The situation is ex- 
emplified by the case of curvilinear integrals, where one 
closed curve may be the frontier of many different point 
sets. 

2.1. We shall for the most part restrict ourselves to what 
we shall call curves of class T. A curve of class I is a simple 
closed rectifiable curve composed of a finite number of 
pieces, each piece having a definite direction at any point; 
for each curve there is a constant I’ such that the following 
inequality holds: 


[ tes@tlas <r 
r 


in which r represents the distance MM, M being the argu- 
ment subject to the integration, and M, an arbitrary point. 
For a given curve the constant T is to be independent of the 
position of M. Thus for a curve which is everywhere convex. 
I’ may be taken as 2 7. 

Let s, and s, be two closed curves of I’ exterior to each 
other except for a common portion 5’, and let 53 be the curve 
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composed of 51, and 52 with the omission of s’; if now for all 
such curves, the relation 

F(s:) +F (52) =F (ss) 
is satisfied, the functional F(s) is said to be an additive 
function of curves. 

2.2. The additive function of curves F(s) is said to be of 
limited variation in D if it may be written as the difference 
of two not-negative additive functions of curves 

F(s) =P(s) —N() 
the functionals P(s) and N(s) being bounded in value for all 
curves of class Tin 2. 
The Stieltjes integral 


[a0 2 Fe, 


when q(M) is continuous, may be defined by the same process 
as the integral with respect to f(e). The region o bounded 
by s is subdivided into mutually exclusive subregions 
bounded by curves s; of I, no region being of diameter > 6; 
then by definition 


(9) | 90 4 FG) =lim>, gM) Fs)? 
It follows then as in (5’’), that 
| aan d F (s)-3; o(M) Fs) |< Ts) 


where 7(s) =P(s)+N(s) is the total variation function of 
F(s). All the properties (5) to (8) may in turn be developed 
for these new integrals, in precisely the same way as before.* 

3. Certain particular integrals. We wish now to con- 
sider various integrals based upon the function r=M,M. 
As a matter of notation, when we are to treat angles between 


* Both of these are, of course, special cases of the general integral discussed by 
Daniell; see 7). 
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the direction of 7 and other directions, we shall take as the 
sense of 7 the direction of MM. 
From the discussion of Art. 1.4, it may be concluded that 


the integrals | at df ©,| log d f(e) converge except 
z= = 


for points M which form at most a set of superficial density 
zero. Further, the identity 


(10) | a o,| Soe d fle) -| 4 fle)| 82 * i 


is valid for any region o;. Equation (10) remains valid if 
for = we substitute an arbitrary o bounded by a curve of 
class I’ and for f(e) an F(s), additive and of limited varia- 
tion. 


3.1. The integral | a f(e) where 1 represents the 

=z 
normal (directed internally) at points M, of a curve s: of T, 
is itself summable over any curve of I’, and, for any segment 


of a curve of I, exists except possibly at the points of a set of 
null linear measure. In fact, consider the function 


Qn( Mi, M) = | cos mr] if Len em 
if 


=m, otherwise. 
_ Then the quantity 


[2 of an(Ms, MD date)=| a H()| dm(My M) ds 
o1 z z Ss 
<T i(Z) 
remains finite as m becomes infinite. Hence the equation 


(11) [2 nf Set d fle) -| 4 flof A" a 


of which the right-hand member will eventually be evaluated, 
- is verified. Here again, we may substitute o for 2 and F(s) 


for f(e). 
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3.2. Finally we must consider the integral 
| loe5 410 
> if 


to be integrated as a function of M; along a closed curve of T 
with respect to an arbitrary direction y. As in the case of 
the function just treated, we have the identity 


(2) | dy| tog 2d fle) = [2/0 [toe 3 ao 


for any curve for which [ log | dy, | exists, and is bounded 


with respect to the position of M, M being the argument 
subject to the integration. Such curves do not include all 
those of class I although the latter are themselves rectifiable.* 

3-3. For more general curves the integral demands 
further investigation. By means of the identity 


(12’) | log , dy.=| ape "doi 


which is valid when s; is any simple rectifiable curve for 


which log | dy; | exists, and in particular for any rect- 


angle, there is defined when M is fixed, a unique additive 
function of point sets for any set measurable in the Borel 
sense; it is moreover in this case absolutely continuous since 
it is given by a superficial integral.t It is thus a definite 
function of curves, having the same value for all the point 
sets which have a given curve as frontier. 

As far then as we regard a curvilinear integral simply as 


: 1 : 5 
a function of curves, we may regard | log = dy, in this way as 
r 
SI 
defined for any curve which is the frontier of a simply 
* The rest of this section may be omitted if we restrict ourselves to this subclass 


of curves of IT. 


f See ®), p. 57. 
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* connected region o; consisting merely of interior points, or 
even for the complete frontier of any open set.“) But we 
may legitimately ask for the meaning of the integral with 
respect to a single curve: in what sense is this certain im- 
proper integral defined? 

Consider a curve s; of class I. The integral is not an 
improper integral unless M is a point of s;._ In this case, let 
us write 


Qn(Mi, M) =log*, log “<n, 


=n, otherwise, 
and show that the limit of | gn(M,, M) dy, is the value 


already obtained for the integral regarded as a function of 
curves or point sets. In fact, with M as center we construct 
a circle of radius 
R,=2-* 

and, regarding o; as the open region of which s, is the bound- 
ary, denote by o:” the region obtained from o; by subtract- 
ing all the points of the circle R, including those of its 
boundary. Further, we denote by 5” the frontier of the 
open set o:”, of which M is an exterior point. Now since 
gn(M,, M) is constant for points M, inside and on the 
boundary of R,, we have: 


1 
[_da(M@n M) d9x=] .go(Mu M) na| lost dyn 


The region o:” consists of a finite number or a denumerable 
infinity of non-overlapping simply-connected regions, to 
all of which M is exterior, and therefore: 


1 cos xr 
ANDRE ke aah 


u) P, J. Daniell, “ Integrals around general boundaries,” Bulletin of the 
American Mathematical Society, Vol. 25 (1918), pp. 65-68. 
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Hence, as 7 becomes infinite, we have 
lim| g,(M,, M) dy: -| S84 do, 
which was to be proved. 
3.31. In order to treat the double integral in (12) for 
general regions it is first desirable to demonstrate a property 
of its integrand, viz., the integral 


[ tao] tog d = 10) 


represents a continuous function of M. 

In fact if we form the difference for two neighboring 
points M, M’, the point M’ being taken within a small 
circle of center M and radius R, and if we denote by a! the 
part of a; outside R, we have 


| (M’) —1(M) is] [545 | tom 


/ 
COS * Tf 
| ert das 


Co 
CoS xT 
-[ 80 G6, 
o1 Tr 


The first term of the right-hand member of this inequality is 


obviously <6 XR and therefore a if R<e/i27. The 


point M’ is however within the circle; by taking it near 
enough to M the two integrals of the second term can be 
made to differ by as little as we please, say €/2, and therefore 
| 1(M’)—I(M)| may be made <e. The continuity of 
I(M) is thus established. . 

3.32. The identity (12) may now be treated. The right- 
hand raember is merely the quantity 


(12"”) [47] #2 ao, 


of which the integrand is a continuous function of M, and 
which was discussed in connection with (10). If we consider 
this as a function of the open point set o; it is again absolutely 
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continuous, and thus the curvilinear integral of the left- 
hand member of (12), by means of the same extension as 
before, becomes a single valued function of curves. In 
fact, the quantity 


stat) 


COS xT 
[ Aree 
o1 a 


_may be made uniformly small with ai, even if o; is allowed 
to consist of a denumerably infinite aggregate of simply 
connected open regions. We have 


ton <| bd 0, 


where d o; is expressed in terms of polar codrdinates with 

center at M@. But this integral can be split into two parts, 

one for which r<7<€/47, the other being extended over 
»the remainder s’ of s:. Hence 


n(o1) <S+2/ Fdass+—" 
and this whole can be made <€, independently of the posi- 
tion of M, by taking ¢< &/167?. Hence it follows that the 
expression (12) in absolute value can be made arbitrarily 
small (<e t(2) by making the measure of a1 small enough, 
and thus (12’’) defines an absolutely continuous function of 
point sets. 

The value of the left-hand member of (12) just obtained 
as a function of curves may also be obtained taking again 
a sort of principal value of a curvilinear integral not 

‘strictly convergent. In fact, with the previous definition of 


dn(Mi, M), we have 
1 
lim | d vs | a(M,, M) d p(e) -| ey [08 TO 
S1 =z St 


n=o 


lim | d | a Mx, M) d n(e) -| ne I, ibe : Efe) 
81 = S1 


N= oO 


te \ 4 1 I, an Ma, M) d f(e) -| 4 ’ | og a fle). 


n= 
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Equation (12) also remains true if for 2 we substitute 
an arbitrary o bounded by a curve of class I’ and for f(¢) an 
F(s), additive and of limited variation. 

4. Functions of curves and functions of point sets. With 
the directions already assigned to nm and 7, the following 
evaluation is evident: 

(13) | Seed s=0, M without 51, 
20) ean 
=1, Mwithin sy 
=0,0<0<1,M on $1. 
If M is not a vertex on 5;, the quantity 6 has the value 14; 
if M is a vertex, the value of 9 measures the angle between 
the forward and backward tangents at M. 

Given the additive function of point sets f(e), let us 

define the function of curves F(51) 


(14) F(x)=[ dn | "rage, 


It is additive, and also of limited variation. In fact if P(s;) 
denotes the functional given by (14) when f(e) is replaced 
by p(e), and N(s,) corresponds similarly to n(e), then by (11) 
and (13), P(s:) and N(s:) are not negative for any s,, and 
by (14), F(s:) is seen to be additive and equal to P(s,) — 
N(s1). Moreover, if by oi, we denote the set of points 
interior to 51, by 51’ the set of points constituting 51, except 
for the vertices, and by M,*) the vertices, equations (13) 
and (11) yield the formula 


(4) FU) =f) +5 fn) +2. 0.f(ML). 


Whenever a function of curves is given on curves of class T 
by a formula like (14) or (14’) we shall say that it has dis- 
continuities of the first kind. 

If. a region a) which contains a point M, as an interior 
point and has as boundary a curve 5) of I’ is allowed to shrink 
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“in such a way that its diameter approaches zero, the quantity 
F(s0) approaches a definite limit /(Mp): 


F(M,) = lim F(s0), 


since it is the difference of two quantities which are not 
negative. There can be only a denumerable infinity of 
points Mé such that F(M/"')#0. 

If c, is a region such that its s, consists only of interior 
points of a1, the quantity F(s) approaches a definite limit 
lim F (sn) = F (51); 
as o, approaches a:, for the reason given just previously. 
In a similar manner by taking regions which contain all the 
points of s; as interior points, the quantity F(s:) is defined. 

In the case of the function of curves given by (14), we have 
(14”) F(s:) =f (01) 
F(5:) =f (01) +f (s1) 
F(M,®) =f (My) 


and therefore, from (14’), the equation 
(14” ) F(s1) = F(s;) +5 { F (51) —F(s,)} +2 (-5) F(M,®) 
a4 (Fe) + FGI} +2 (0-5) FOL. 


Equations (14’) (14”’ ’) show that the notion of discontinuities 
of the first kind of a function of curves is the direct generali- 
zation of the corresponding concept for functions of a single 
variable. 

4.1. We say that a function of curves F(s) is continuous 
at a curve s when the condition 
(15) F(s1) = F(S) 
is satisfied. We wish to discuss the correspondence between 
functions of curves F (s:), additive and of limited variation, 
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and additive functions of point sets f(e), subject to the 
equation 

(16) F(s) =f(o1) 

which shall hold for any curve 5; at which F(s1)is continuous 
(2.2.5 f(s1) = 0). 

Equations (16) imply equations (14’’), and therefore, 
given an additive function of point sets f(e) there corresponds 
to it a unique function of curves, additive and of limited varia- 
_ tion, provided that the discontinutties of the latter are merely of 
the first kind. ‘This function of curves is given by (14). 

4. 2. In order to illustrate the correspondence (16) more 
fully, the following example may be considered. Let 2 be 
the square 0<x<1, 0<y<1; and to the points M‘ of 
rational codrdinates in this Z assign positive numbers 
p~(M') in such a way that when the points are arranged in 
countable order the series of numbers will be convergent; 
then make the definition 
(17) fe) =p(e) =2; pM), 
where the summation is extended over all the MW in the set e. 
Introduce now an auxiliary function u(@, M) which for a 
given point M depends on an angle 6 made with a fixed 
direction, and which for every M satisfies the condition 


2% 
| (0, M) d@=1. Consider the quantity 
62 
H(M, 61, 6:) -| u(0, M) d 6. 
A 


For the purpose of defining F(s), every point of s may be 
considered temporarily as a vertex, the tangents forward 
and backward from M making respectively angles 6,, 0s, 
with the fixed direction. Then the equation 

F(s) =2,' p(M')+ =, H(M', 6,, 62) p(M?) 
where the first summation takes all the points M/ interior to 
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go and the second all the points 1/ on the boundary s, satis- 
fies the equation of correspondence (16), and defines an 
additive function of curves of limited variation which is 
discontinuous at every curve which contains a rational 
point. In general, these discontinuities will not be of the 
first kind; in order to make them so everywhere, and thus 


satisfy (14), it is sufficient to put 4(0, M) = ao 
T 


In general then the F(s) is not uniquely determined by 
(16) and the f(¢). But in the converse case there is a unique 
determination. 

4.3. Given F(s) additive and of limited variation, defined 
for the curves of T there is one and only one additive function 
of point sets f(e) which satisfies the equation (16). It 1s de- 
fined for all point sets e measurable in the Borel sense. 

As we shall see in the course of the proof, it is sufficient 
if the class merely contains all the rectangles in 2. Let 
be an arbitrary rectangle whose sides are parallel to two 
fixed directions x, y. Let w’ be the rectangle obtained by a 
displacement of w of amount e in the direction of negative x 
and of amount 7 in the direction of negative y, € and 7 being 
both positive quantities and so small that w’ as well as w lies 
entirely within 2. Then the limit 

F'(w) =lim F(w’) 
0 
exists, for F(s) is the difference of two not negative func- 
tionals P(s) and N(s), and the region w’ is formed as the 
difference of two regions each of which decreases with e 
and 7. Moreover, since the quantities P(s), NV (s) can 
obviously be discontinuous merely on a denumerable infinity 
of curves, among a family of curves such that of any two 
curves one is entirely within the other, it follows that there 
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are only a denumerable infinity of values of €, 4 for which 
F(w’) is discontinuous. 
Let w’ be the set of points interior to w’ and o the set of 
points 
@ =lim w’ 
e=0 
7=0 
and let M be the vertex of w of which the values of x, y are 
least. It is the only vertex of w which forms a point of w. 
If there is an f(e) which satisfies the condition (16) it 


will satisfy the equation 
lim, flo’) =/(e) 


and therefore, as we see by choosing a sequence of pairs of 
values e, 1 for which F(w’) is continuous, 


fw) =F"). 

Hence the difference of two such functions will be zero for 
every w. } : 

In order to see that there is one such f(e), we set up a 
p(e) by means of P(s) and an n(e) by means of N(s) and 
write f(e)=p(e)—n(e). To determine such a p(e) we 
establish the weight of every set w with respect to it. 

With the point / fixed, we let the diameter of w approach 
zero, and define 


p(M) =lim P(’) = P(M) 
a quantity which we have seen is zero except possibly for a 
denumerable infinity of points M*. For an arbitrary w, the 
weight of p(e) is defined by the equation 

p'(w) =P'(w) —2; p(M'), 
where the summation is extended over all the points Mé 
contained in w. We have p’(M) =0 for every point M. 

We know that there is one and only one function of point 

sets p’(e), additive and not negative, which coincides with 


~® 
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p'(w) when e¢ reduces to w.* It is continuous, as continuity 
is defined for functions of point sets (p’(J/) = 0 for every M), 
but not necessarily absolutely continuous, and determinate 
for every point set measurable in the Borel sense. 

With the ’(e) thus defined, we may now restore the 
discontinuities, and write 


(17) ple) =p’ (e) +2; p(M), 
f(e) = p(e) —n(e), 

after n(e) has been similarly determined. The equation 
(16) is seen to be satisfied for every curve s such that f(s) = 0. 

The determination of f(e) is moreover unique, since the 
difference of two such functions, being zero for every w, is 
zero, by the reasoning of the previous paragraph for every 
point set measurable (B).T 

4.4, In relation to (14) we might consider also the equa- 
tion 


G(n)={ dxf Sra FO) 


where s, is constituted of points within s. This equation 

regularizes the discontinuities of F(s), reducing them to 

discontinuities of the first kind and satisfying the equation 
G(s1) =F(s1); 

if F(s:) is continuous at 51. On the other hand, if 51 is made 

to coincide with s, the following equation replaces (14” ’) 


G(s) = FO) +} (FO -FO} +2 (4 5) Fume). 


Here Mare the vertices on 5, and F(M. [,') denotes for a given 
vertex the portion of the value of F(M,') which is assigned 
to F(s) in its definition as a function of curves. 


* See 6), pp. 100-104. eet 
+ We shall write measurable (B) and measurable (L) to indicate measurability in 
the Borel and the Lebesgue senses, respectively. 


274 Potential Theory 


s. Generalized derivatives and potentials. If ¢(M/) isa 
vector point function whose components in two fixed direc- 
tions, say x and a, are summable superficially, its component 
in any fixed direction B will be summable superficially. 
Likewise if u(M) is a scalar point function which may be 
integrated with respect to x and with respect to a along any 
curve of class I’, it may be integrated with respect to the 


coordinate parallel to an arbitrary direction 8; 7.¢., | udB 
s 


exists. 

Let ¢(M) be a vector point function whose component 
$a in every fixed direction a is summable superficially, and 
u(M) be a scalar point function summable superficially and 


such that Juan d a may be defined for every given direc- 


tion a. Then ¢(M) is spoken of as a gradient of u(M) and 
u(M) as a potential function of 6(M) provided the equation 


(18) | da -| x oe 


is satisfied for every s of I’ and for every fixed direction a, 
the direction a’ being fixed and in advance of a by 7/2. 

It is sufficient that (18) should hold for two distinct 
directions a, a in order to hold for every direction a. 

It is legitimate to ask in what sense the component of 
¢@(M) in the direction a@ is the derivative of u(M) in the 
direction a. The directional derivative of a scalar point 


function is not necessarily a vector; in other words, the 
formula 


does not hold simply on the basis of the existence of ou 
x 
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Ou : a ce 
and a. If however this derivative for two directions, say 


0 u/d x and 0 u/d y, is summable superficially and satisfies 
for these two directions and all curves of TI the equation 
(18), then the vector which has these two quantities for its 
components will be a gradient vector, and the function u(M) 
its potential function. Nevertheless it is simpler than this 
and less artificial to use directly a generalized partial 
derivative which has itself vectorial properties. 

5.1. We say that D, wu, the generalized derivative in the 
direction a of u(M), is the limit, if such limit exists, of the 
expression 


(19) Da w=lim >| u da! 


o=0 

where the fixed direction a’ makes an, angle 7/2 with the 
fixed direction a, and o denotes the area enclosed by 5; it is 
understood that o tends towards 0 in such a way that the 
ratio ¢/d?, where d is the diameter of o, remains different 
from 0 by some positive quantity. 

If at a point M, the generalized derivative exists for two 
distinct directions a, a2, it exists for any other direction a, 
since the contour integral with respect to d a’ can be evalu- 
ated in terms of those with respect to d a’ and d ay’, in fact 
do’ bears the same linear relation to d a,’ and d ay’ asda 
to d a, and d a and this relation is independent of the 
4 variable of integration in the contour integral. Hence in 
particular 
(20) D,u=D,ucosxa+D,u cos ya 


where 
D,u =\im | udy, Du=—lim—| udx. 


«=0 o=00)5 


5.2 It is now possible to see the relation between gen- 
eralized derivative and gradient, although this again necessi- 
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tates a return to general ideas. If a function ¥(M) is 
integrable superficially, its integral 


| van de 


generates an absolutely continuous function of point sets f(¢). 
In connection with f(e), the quantity 


where o approaches zero in the manner just described, 
about the point M, defines what may be called a total or 
superficial derivative of f(e). A similar definition is obvi- 
ously applicable to an additive function of curves, and in fact 
merely specializes slightly the well-known definition of 
Volterra of derivative of a functional, by specifying the 
manner in which o must approach zero. According to our 
definitions, if we write 


F(s) =| dy 
we shall have 
D, u(M) = F’(M) 

and similarly for any direction a. Now it is a well-known 
theorem, due to Lebesgue, that an absolutely continuous 
function of point sets possesses a superficial derivative 
except possibly at the points of a set of measure zero, more- 
over that it is itself the superficial integral of that derivative; 
that is, in the case given, 

f'(M) ae y(M), 
almost everywhere.* Hence if a vector ¢(M) is a gradient of 
u(M), according to our definition, it follows from the theorem 
of Lebesgue that for any direction a the equation 
(21) D. U= as 


* By almost everywhere we shall mean, except possibly for a point set of measure 
zero, superficial or linear, according to the context. 
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4s valid except possibly at the points of a set of superficial 
measure sero; moreover it follows directly from equation 
(20) that this set may be chosen so as to be independent of the 
direction a. 

5.3 We are in a position to establish connection with 
partial derivatives in the usual sense. This is done by means 
of theorems which enable us to integrate the generalized 
partial derivatives with respect to curvilinear coordinates, 
6, x and evaluate such expressions as 

1 Ox Oy 
=~2D, uz—+D,uz—>d 
Rt <M ax yu 52 ‘ 
where J denotes the quantity 
_ 46x) 
I~ Gey) 

5.31. Consider a rectangle with vertices (%o, yo); (x, y) 
and a function w(x, y) which is the potential of its generalized 
derivatives. The formula 

3/ y x 
Fi (ute, 2) —u(eo, 9} da] dn D.w(é, 0) dé 
yo yo xo 
is therefore valid. On a given line x =const., the function 


u(x, y) is the derivative of its own indefinite integral in the 
Lebesgue sense almost everywhere; that is, since u(x, y) 18 
measurable superficially, unless (x, ¥) lies in a certain set of 
superficial measure zero we may write: 


fs) y 
ule, 9) = 5 i: OG. en, 


r re] y 
and u(x, y) —u(Xo, y) -2/ {u(x, n) —1uU(x0 n)} adn, 
Yo 
unless (x, y) or (xo, y) lie in this set. But also, with refer- 
ence to an important theorem of analysis,!®), since D, u 1s 
summable superficially, the quantity | D, u(é, y) dé is the 


5) C, de la Vallée Poussin, “Cours d’Analyse Infinitésimale,” Paris (1912), 
Vol. II, p. 122. 
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derivative of its integral with respect to y, given x and %, 
for almost all y, that is, unless (x, y) or (xo, y) belong to a 
certain set of measure zero. 

Hence there is a set EF; of superficial measure zero, such 
that if neither (x, y) nor (x, y) lie in it, the equation 


sul, yy tule 9) -|'D. u(é, y) dE 


is valid. There is a similar set EH, of measure zero, such 
that if (xo, y) and (x0, yo) do not lie in it, we shall have 


g 
a1(sx6y Sheet oy fo) = | Bea) Zn: 
Yo 


We wish to show that we can so choose (%o, yo) that the 
equation 


16(2t, y) — 10(sey 0) =| Dy (ce, 9) d nt D. u(é, 9) dé 


will hold almost everywhere in (x, y). 

Let ¢ be the set of points (x, y) composed of lines 
x=const., which contain points of £: or E, that form sets 
not of linear measure zero; since u(x, y) is measurable super- 
ficially, the set ¢ is measurable and is of superficial measure 
zero. Let (xo, yo) be any fixed point not in E,+e (of super- 
ficial measure zero), and let the set of points (x, y) for which 
(xo, y) lies in £, or £2, be denoted by e’. This set e’ is also 
of superficial measure zero, by reason of the choice of xo 
with respect to ¢. The desired equation is now seen to 
hold unless (x, y) lies in the set of superficial measure zero, 
E =F, +e’, 

Hence, u(x, y) being a potential function for its generalized 
derivatives, the function a(x, y) 


(22) alee, y) = wl ovo 90) a D, u(t, 0) d nti D, u(y) a &, 


will differ from u(x, y) only in the points of £; moreover, 
almost everywhere in,the rectangle the derivative in the usual 
sense 0%/0 x exists and is identical with D, wu. 
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~ 5.311. If u(x, y), a potential function of its generalized 
derivatives, is itself continuous, the function u(x, y) will be 
identical with u(x, y) except for possible values of y that 
constitute a null set linearly and 0 u/d x and (in a similar 
manner) 0 u/@ y will exist and will equal D, u and D, u 
respectively almost everywhere. 

5.32. The function a(x, y) it may be noted is for any 
value of y (except for those which may constitute a set of 
linear measure 0) an absolutely continuous function of x. 
Consider also a second function 2(x, y) continuous in (x, y) 
and absolutely continuous in x for every value of y. Except 
for the exceptional values of y we can write 

x2 ri x2 
foc 9 2282 ate [ote 9) a6 »)] 

71 m1 

ai ae d o(€, 9) 
[ae 9) 5 ae 

and therefore for any points (m, y) (xe, y) which do not 
contain these exceptional values of yy nor lie in the point set 
E previously described — let us denote this combined set of 
points of superficial measure zero by E’ —we have the 
equation 


[0G ») Dew(é 9) d= [oe, ») m6») | 
zZ ‘. 
he 0 o(E, ¥) 
[ruc 25 at 
Hence for any curve 5: of T which does not contain of E’ 
points which constitute on ‘1 a set of linear measure different 
from zero, we have the identity 


a 
Ba 


) 
| oDeu do=| 0 dy-| 1 ant 9 
in fact u and therefore 9 u may be integrated with respect to 


y round any curve of T. 
In order to establish this identity in its true generality, 


280 Potential Theory 


that is, for any curve of I’, it is necessary to investigate the 
curvilinear integral in more detail. For this purpose, 
consider a small neighborhood, which we might as well take 
to be the neighborhood of the origin, and define the function 


p(x, y) A 
p(x, =|" | D, u | d x, 


which is absolutely continuous in x except for values of y 
which form at most a point set of zero measure. For any 
curve s of I’ and its a, we have then 


| pdy=| |D, u| do, 
so that | pdy represents a positive absolutely continuous 


function of curves. 

Let now s’ be a portion of a curve s and s;’ be the same 
portion displaced by an amount — 6 in the direction of the 
x-axis, and let s; be the closed curve formed of 5’, 5,’ and 
two portions parallel to the x-axis. We have now the result: 

5.321. If (x, y) is a continuous function of x and y, then 


(22") lim | o(M) p(M) dy=0, 
a> 
or, what is the same thing, 


22") Tim | o(IM) pM) dy=[ o(M) p(AM) dy. 


In fact, we may write the difference between the two 
members in the form 


fz to(«, y) P(e, 9) —0(%s, y) p(*s5 y)} dy ae 
J wit 9) {o(%, ») pm y)} dy+ 


[- te 9-00 9)} ol 9) doy 
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and each of these two integrals may be made as small as we 
please with 6, for not only is p(x, y) itself positive or zero 
everywhere, but also the quantity 
M2 ; 
iS {p(x, 9) —P(%s, »)} dy 
is positive or zero, by definition, and no matter where the 
point VM, may be, on the curve s’. Hence we deduce 
p(x, y) —p(%s, y) 20 
for almost all values of y. We can then apply the law of the 
mean to the two integrals, and write the numerical value of 
the sum as 


=M| p(x, ¥) dytus) 1(, y) dy, 
55 


where M is the maximum value of | v(x, y) |, and ws the 
: maximum value of the oscillation of v(x, y). The first term 
is <M #,(c;) and the integral of the second term is inde- 
pendent of 6, whence we can draw the desired conclusion. 

Now the function 

n(x, y) = —u(x, y) +(x, y) 
is a function of the same sort as p(x, y) and the same theorem 
applies to it, and therefore the same theorem applies to 
u(x, y) itself. That is to say, we may substitute u(x, 4) 
- for p(x, y) in the equations (22’) and (22”). 

If we return to the identity of Art. 5.32, we can form 
the curve s; corresponding to an arbitrary s of I’, and divide 
the curve s into portions s® small enough and take 6 small 
enough so that each portion and the corresponding portion 
of s; lies within a square which itself lies entirely within 2. 
We see therefore that the quantity 


J uvay, 
53 


is a continuous function of 6, and since also the other terms 
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of the identity of Art. 5.32 are absolutely continuous func- 
tions of point sets, it follows that since the identity is valid 
for almost all values of 6 it is true for all of them. The 
following theorem is therefore demonstrated. 

5.322. If u(M) is a potential function for its generalized 
derivatives, and s is any curve of I’, and if o(M),w(M) are 
two functions continuous in 2, the function 2 being abso- 
lutely continuous in x for every y and the w being absolutely 
continuous in y for every x, then the following identities 
are valid. 


(23) I, pD.udo=|ou dy— F “ane 


| 2D, udo=— —|ouds— [.#§ 7 1% 


5.33 Theorem. Let x =x(x, 6), earn 2 be continuous 
with their first partial derivatives in Z and let J =d(x, y)/d(x,6) 
be different from zero in this region; further, let u(M) be a 
potential function for tts generalized derivatives in XZ. For 
any curve s of I the equations 


(24) [5 Aden S24 Dow uh den =| ua6 


i 1 Ox rs) 
. L=2p D..4u 22> a 
fi 4 Maat oa do = [wax 


are valid, with s understood as the transform ef s in the x, 0 
plane; and for any point (x, 0) which is the transform of a 
point M which does not belong to a certain fixed set of zero 
measure, the derivatives D,u and Dyu exist in the transformed 
plane, and the formulae 


25 = Dees dy 
(25) D,u=D, = ye 
a F) 

Dyu=D,u 54 +D, uF 


are valid. 
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The equations (25) provide an extension of the vector law 
for the generalized derivatives, in terms of curvilinear 
coérdinates. When it is necessary to distinguish between 
D, u and these generalized derivatives with respect to 
curvilinear codrdinates we shall indicate the latter by the 
symbols (D,)y» etc. If the curvilinear coordinates are 
orthogonal, and @=const. at a point M gives the direction @ 
it is evident that at the point M@ 


(Dy u)xo=Da oe 
and there is no ambiguity in the symbol D, u, even when 
da=d x: 

In order to prove the theorem, assume first that the 


quantities 

a8 98 ax ax 

ax” Oy’ Ox’ Oy’ 
are absolutely continuous in x for every y and in y for every 
x. Then, since 


and since therefore 
06 
bateerane u$2\do= ~|{p. u5o-D, v3} do, 
it follows by the theorem of Art. 5.322, fee 


06 00 
Rauaer +), u$2\do= -| & 4y +32 ds) 
-|_ udé. 


s 
As far as the final formulae are concerned, the conditions 
of absolute continuity on the partial derivatives are un- 
necessary. It is sufficient if these derivatives are merely 
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continuous functions of x, y. The validity of this statement 
is assured by the proof given by C. de la Vallée Poussin, 
by a method of polynomial approximations, of a formula 
entirely analogous to this.* 

In a similar manner, the second of the equations (24) is 
demonstrated. 

With respect to the equations (25) we except the points of 
a set Ey for which one of the quantities D, u, | D,u |, D, u, 
| D,u | fails to be the superficial derivative of its own in- 
tegral. If» is a continuous function of (x, y), the quantities 
vD,u, |vD,u | etc. are the superficial derivatives of their 
own integrals at all except the points of £y. In fact, if My 
is not in Eo, 


[5 |oDew do" |. do 
o o 


<* || o(M)—o(Mi) || D.u|de 


<2 || D,u\do, 
o 


where w is the maximum oscillation of v(M) ino. 


Hence 
m SeDen de o(M;) lim | Dew do, 

o= si o=0 0 

and similarly for b other expressions. 
Except a points in £,, we have therefore 

re eo tim £{ ud@= =D,w5*+Dyu a8 
7=0 0 “Ox Xe 
by means of (24). Similarly the second ': equations (25) is 
obtained. 


The set Zy is seen to be not only independent of directions 
a, but also even of the choice of curvilinear codrdinates. 


* See 4), vol. 2, p. 24. 
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5.331. A further consequence of equations (24), (25) is 
that on almost any curve x =X, the equation 


62 
(25" |, Dy ulxo, 0) d 0 =1(Xoy 82) —u(X0y 61) 


is valid. A similar equation holds for D, u on curves @ = const. 

6. Integro-differential equations of Bécher type. La- 
place’s equation. Lest our analysis seem sterile, we shall 
interrupt its development at this point in order to consider 
some of its applications. We shall discuss the generaliza- 
tion of Poisson’s equation and show its relation to Laplace’s 
equation in the usual form. 

Consider the equation 


(26) | dndn=F), 


in which F(s;) is a function of curves, additive and of limited 
variation, whose discontinuities are of the first kind. 

A vector ¢ which is a solution of this equation is given by 
the equation 


(27) ba= 5z| df(e). 


By means of equations (11), (14), it is seen that this vector 
is a solution of (26) for every curve s1 of T in 2. 

6.1. Since the right-hand member of (12) is (12”), also 
the right-hand member of (10), equations (10) and (12) yield 
the result: 


es df(e) =| da’| og af), 


the direction of a’ being 7/2 in advance of that of a. 
Hence the function 


(28) u(Ms) =|. log : df(e) 


is a potential function for the vector ¢ of (27), and we have 
(28’) $(M;) =V uM). 
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Hence the function given by (28) is a solution of (2) for every 
curve s1 of T' provided F(s:), which is additive and of limited 
variation, has discontinuities merely of the first kind. 
6.2. Moreover, the equation 
Le u =a(M) 

is valid except possibly at the points of a set EZ (the Ey of 
Art. 5.33) of superficial measure zero, which is the same for 
every a; and therefore, for any curve 5; of T which does not 
contain points of Ey of more than linear measure zero, the func- 
tion u(M) is a solution of the equation 


(29) | DM dee: 


Of course the curves on which F(s) may be discontinuous 
may in the totality of their points constitute a set of more 
than zero measure; thus in the example given in Art. 4.2 
any curve through a rational point in = is a curve of dis- 
continuity. 

The difference of two solutions of (2) is a solution of (1). 
It is important therefore to establish the relation of solu- 
tions of the latter equation to Laplace’s equation VY? u=0, or 


(30) s+ 


In this case we have an extension of a well-known theorem 
of Bocher.* 

6.3 Theorem. /f u(M) 1s a potential function for its gradi- 
ent vector V u, and tf the equation 


(1) [ve PRs 


is satisfied for every s of T in X, then the function u (M) has 
merely unnecessary discontinuities, and when these are re- 
moved by changing the value of u(M) at most in the points of 
a set of superficial measure zero, the resulting function has 


* See 2). 
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continuous derivatives of all orders and satisfies Laplace’s 

equation 

(30) 

at every point. 
Let us refer the point M to polar codérdinates r, 0 taking 

a fixed point M,as the pole and an arbitrary direction through 


M as an axis of reference. By means of the formulae (20), 
(25) we have 


(D, ti) 9 =D, u=D,u*—+D,u2—™, 
and from (24) 


Ou, Ou _ 


dx? =” 


| * Dru do=| ud, 


for any curve s of I’ which does not include M, in its interior. 
We take as the region o the portion of the plane between two 
circles of radii r =R, and r=R and center M,, and since 
1 R 2a 
| =D do-| ar| D,u a8, 
of R 0 
we see by (1) that the integral vanishes; for on the family of 
curves 7 const. we have 
Viu=D,u, 


except at the points of a set of superficial measure zero. 


Hence 
2x R 
[20] D,udu=0, 
0 R 
and 
d@= dé. 


We can at this point let Ri approach zero. The function 
u(M), since it is summable superficially, is the superficial 
derivative of its superficial integral everywhere except 
possibly at the points of a set of measure Zero. Let us 


4 
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denote this derivative by 7(M). We have, for the circle of 


radius R; 
1 1 Ri Qa 
1] udomaas | rdr| uae 
CO Joa a R? 0 0 


1 
= a dé, 
and therefore if 7(V/;1) exists 
' z ae 
(31) (Mh) = {_. d0. 


6.31. Let now M, be a point of the circle not its center, 
and refer to it the position of a point M by polar curvilinear 
coérdinates (x, w), where the curves y =const. are the circles 
through M orthogonal to the circle R and the curves x = 
const. are the orthogonal trajectories of the former circles; 
in order to make matters definite, let the x of M be the value 
of the Green’s function at m whose pole is at M, and which 
vanishes on the circle R and Jet the y of M be the value 
there of the conjugate function to the Green’s function. 
Take as a region a’ that between the two circles x =x and 
x =0 and form the integral 


[5 xn de'=|[Deudxdv=[ wdy. 


This integral may also be written in the form 


Xx 27 
| dx | D,udy. 
0 0 


Here, however, since the codrdinates are orthogonal 


and since the x, ¥ represent the Green’s function and its 
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conjugate, the infinitesimal codrdinate rectangles become 


squares, and 
ds,|_|dsy 


dx| |dy 


whence the integral is zero. In fact: 


> 


[Dau ds,=0 


for almost all values of x. 
Hence 


(32) | wae -| ede, 
e=X1 x=0 
and if z(M,) exists, 


(32") i(M,) -~ | uae. 


That is to say, z(M) is given where it exists by the Poisson’s 
integral extended over the circle R, and this same value 
applies to the function (M) almost everywhere within ‘R. 

But the function given within R by Poisson’s integral 
is itself continuous, and therefore the function «(M/) does 
_ exist at all points within R, and consequently at any point 

M, in =. Moreover the continuous function given within 
R by Poisson’s integral has continuous derivatives of all 
orders and satisfies (30); this fact then applies to u(M1), at 
any point M, of 2. But we can replace u(M) by u(M) 
“merely by changing the value of u(M) at most in the points 
of a set of superficial measure zero, and the theorem is 
demonstrated. 

7, Pseudo-polynomial approximations. Consider points 
(x, y) in a simple closed region 2’ entirely interior to 2. 
Let =” be another simple closed region similarly contained in 
> and containing all the points of 2’ (which includes its 
boundary) as interior points. Finally choose € so small 
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that any point of 3’, displaced in any direction by an amount 
less or equal to eV2, remains within 2”. 

Corresponding to any function ¢(x, y) summable over 2 
we define the function ¢™ (x, y) 


(33) o™(x, y) = 
ta|_,|_ ee+s y+n) 1-2)" (1—7?)" didn, 


with 
+1 
n= | (1—2)" de. 
=o 


This function is not a polynomial, but is for our purposes a 
useful approximation for ¢(x, y). In fact, under the sup- 
posed hypothesis that $(x, y) is summable superficially in 2 
it is well known that ¢” (x, y) converges to $(%, y) as n 
becomes infinite, everywhere except possibly at the points 
of a set of superficial measure zero,* and uniformly over any 
region, which is closed and at every point of which @(y, y) is 
continuous. 

The function @™ (x, y) is moreover a continuous function 
of x, y. The proof of this statement for two dimensions 
follows exactly that for one dimension,} and it is therefore 
unnecessary to reproduce it at this point. 

Consider now a function u(x*, y) continuous in 2 and a 
potential function for its generalized derivatives. By Art. 
5.311, almost everywhere 0 u/d x and 0u/dy exist; and each 
is almost everywhere equal to the corresponding generalized 
derivative. If then we write u(x, y) =0 u(x, y)/0« where 
the latter exists and zero otherwise, and put 


me a= eal | ane+é, yn) 1-8)" amd do, 


*Tonelli’s theorem. See ¥), vol. II, p. 135 
t See 45), vol. II, p. 163. 
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with similar expressions corresponding to (x, y)= 
0 u(x, y)/0y and to u(x, y) itself, we have almost everywhere 
lim uy (x, y) = u(x, y) 
lim Uu™ (x, y) = U(x, y), 
m=oa 


andeverywhere  _ 
| lim u™ (x, y) =u(x, y), uniformly in 2’. 


But everywhere in 2’ we have 


du™(x, y) wm 
(34) Sree (x, 9), 


0 u™ (x, y) ==, (m) 
F y =U, ix, y), 


the right-hand members being continuous functions of «x, y. 
Indeed, since for every & we have 


[luce x49) [do<] lute, 9) ldo 


which is some constant C independent of & 7 it may be 


deduced that : 
[ie dem pa[ | de dnt+eyd—9 

[ mete 9-40) do, 
| 114 (x, ) do=| uo By 


so that u™ is the potential function of its derivatives 
aa (x,y), ux™(x, y). Moreover we have the equations 


[wal o)da=| ule, 9) dy=lim| w(x 9) dy 


a 
y 


and hence 


=lim | u™ (x, y) da 


m=“ ja 


| eda = — | u(s, y) dx=lim—| (xe, 9) dx 


=lim | ux™ (x, y) da. 


M=O JG 
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We wish however to be able to investigate such limits as 
the following: 


tim | (4, 9) 9G 9) do and lim | (x 9) Gs, 9) ds 


The following theorem may be demonstrated. 

7.1. If u(x, y) is continuous in & and a potential function 
for its generalized derivatives, and if (x, y) is summable 
superficially, then 
(a) For any curve of T' in 2’ 


(33) tim | 66 ») w(@, 9) ds=| Ce, ») ule 9) ds 


provided that (x, y) 1s summable along that curve, and 
(b) For any region o bounded by a curve of T in 2’. 


36) lim | #9) mG ») do=| ol, 9) mln 9) do, 


provided that either o(x, y) or ur (x, y) remains finite or that 
both o(x, y) and us(x, y) are summable superficially with their 
squares. 

The first part of the theorem is demonstrated immediately 
since the convergence of u™ to u is uniform over D’. 

As for the second part, under the hypotheses given, the 
quantity 


[ luléts n-+9) 6 9) Ido 
exists, and remains finite for values of £, 7 in the neighbor- 
hood of (0, 0); and moreover the quantity 
VE n=! mt 2+y) $6 9) do 
represents a continuous function of &, 7 in the neighborhood of 
(0, 0).* Hence if we denote by J; the integral of the left-_ 
hand member of (36), we have 
™ 1 
1 = | [UG 0) 1-B)" An" de dn, 


* As in), vol. IT. p. 163, 
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But, precisely as in the case of polynomial approximation, 


by writing 
le. Bab 


with ¢’ <e, it is seen that J,” tends towards the value of 
y/(0, 0) as a limit, and therefore (36) is proved. 


2. Green’s Theorem 


g. Introduction. In this chapter we consider a scalar 
function v(M) and a vector function ¢(M) which is a solution 
of the equation 


(37) [od s=FO), 


n being the interior normal, for all curves of class IT’; the 
* functional F(s) is an additive function of curves of limited 
variation. Throughout this section $(M) shall satisfy 
Condition NV. 
Condition N. Any component of ¢ is summable superficially, 
and the normal component of ¢ is summable along any curve 
of I; in particular, given 5) there is an N such that if the 


length s of the curve is <5» the quantity | | b.(M) | ds is 


<N; this whether s consists of a single curve of class I 
or a finite number of such curves, mutually exterior. 
A-special case of Condition V is the following: 
Any component of ¢ 1s summable superficially, and the 
normal component of ¢ is summable along any curve of T; 
further, ¢ is supposed to remain finite in 2. 
In order to prove the main theorems there is need of several 
preliminary propositions, which we may state as lemmas. 
g.1 Lemma 1. If¢(M) satisfies Condition N and equation 
(37) the function 


2(x) =|" 4.65, 0) da 
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considered in any interval of x for which the line joining 
(x, y1) to (x, ys) lies in Z, is a function of x of limited varia- 
tion, and its total variation is <7(Z)+2 N, independently 
of the values of y: and y2.* 

In fact, we have the equation 


F(C) = — 8 (2) + (x1) ~| "bol yn) d E+ [46 AVES 


where by C is denoted the rectangle with vertices (*1, 41), 
(oy ya) (X15 v2) (x2, y1)3 whence follows the result 


| Bx) — 8) [STO+) ld») [+ 1G 9) 14 

Hence also 

2; | P(xi41) —P(w;) S$ T(Z) +2 N, 

the points x; representing an arbitrary separation of the total 
interval for x into partial intervals, with x;>x;11:. Hence 
the total variation of (x) is at most equal to 7(2)+2 N, 
and the lemma is proved. The WN is determined from the 
fact that for any straight line, s<s) the diameter of the 
region. 

8.2 Lemma 2. Let ¢(M) satisfy Condition N and equation 
(37). Let v(M) denote a scalar point function continuous 
with its first partial derivatives, and let o denote a rectangu- 
lar region with sides a and d contained in 2, and 5p its bound- 
ary. ‘Then the equation 


(38) | oan arsy=| odds+| (.$246,32 “)ao 
is satisfied. 

In order to prove the lemma we divide the sides a and 
b of the rectangle into m equal parts, and denote by w», the 
upper limit of the oscillations of the functions v, 0 0/@ x, 
0 v/0 y in any rectangle of sides a/m, b/m. We shall also 
use another such partition of the rectangle of index & with 


* We say then that the function is of uniformly limited variation. 
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k>m. We specify the values of the codrdinates correspond- 
ing to points of division as %, %1,-.-, Yoo Viy-- +» Wo yo) being 
for simplicity the origin, and proceed to write down the 
following = Seaman 


(at) B7([P 92 (es 9) dy) loCsse0 9) oC 9) 
(@") =P $2595) dx) (oCn 9343) —2C6 21) 


#=1,j7=0 a7 


(8) 2 ie dz (x; ») dy} deo, Yi)s 
b 


(e”) 3 ry [5 9:69) a9} 40659) 


(y’) ja x i o.(%,.9) — Hts 9 o(%5 9) g ys 


b 


(y’") = |. Cj eae ee : " d o(%, 9) cP 


(6) ie o(M) d F(s), which is equal tof o(M) al ob, d 5, 
(e’) ox 2% y) | {bz (%i, y) — $2(*i-1, y)} dy, 


#=1,j= H-1 


(e”’) ie o(xi, {,(x, 44) — — $,(%, Yj- 1)} dx, 
6) | oan est) a s 
aoe 4 % 
on) “Bi [ota 2d |” dola,9) dy—000,9) FF g0,s) ay) 
m—1 xg a 
a’) “S'[ots df bd dx—ole0) |” dfe0 ax], 
N A quantity >| |, | ds for any horizontal or vertical 


line in oo. 
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‘ (q’!) The expression (a’) with k>m substituted for m, in 
the summation with respect to the index 1. 

(a) The expression (a) with k>m substituted for m, in 
the summation with respect to the index 7. 

We have the fact 
(39) | (6) +(e) +(€’) | Som To) 
from (5’’) Part I. Also, by direct inspection, 
(e) = —(a’) +(7’) 
(40) (€"”) = —(a”’) +(9”). 


Moreover 


(6) ==] (AD 4.0 d y+ [oan ¢,(M) ax 
= ~{ | ola, 9) d.(@ 9) dy-| 0, 9) 44(0, 9) € yh 
-{[ 0G, b) d,(x, b) d x—| ole 0) ¢,(x, 0) d x} 


and therefore 
(41) 1()+M)+0") | <em(4 N). 
By means of (39), (40) and (41) it follows that 
(42).| (8) — (6) — (ae) — (@") | =| @) +f) + (€ — (© 

—(n') — (9') |S @m{4N+T(o)}. 
This equation may be regarded as half of the way towards 
the desired transformation, and we turn now to the expres- 


sions (8). 


We have from Lemma 1, 

| (8) - (a'"”) | Sm nf T(r) +2 N} 

| (B") —(a&™) | Sm o{T(oo) +2 N}. 
But from (42) we have 

| (8) — 6) - (a) — (a) | <an{4.N+T(o0)} 
and therefore 
(43) | (6)-(9) -(6) -(8") | Son {4 N+T7(o)} 
+2 w, m{2N+T(%)}. 
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Now 
(y= Ef]? drs) dy\E Was 
J=1J) 5 a4 om 
so that 
| (B’)—(7’) | Son Na 
| (8) —(7") | Sem Nd. 
Whence, by means of (42), 
(44) | (8) —() —(v’) -(7”) | Sem {(4+a+b) N+Tr)} 
+2 ay, m{2N+T(a)}. 
The left-hand member of (44), which is independent of m, k 
can nevertheless be made <e where € is given arbitrarily in 
advance. In fact we choose first m so that 


Dai u 3 
m~(4+a+b) N+T(a0) 2’ 
and then & so that 


pet Nore emmees < 
*S9 m{2N+T(o)} 2 
Hence, finally, 
(44’) (6) =(4+() +1"), 


and we have the identity (38), the passage from the iterated 
integral of (44’) to the double integral of (38) being immedi- 
ate. This proves the lemma. 

9. General Theorems. The identity (38) may now be 
extended to any curve or class I’. Consider in fact a grating, 
the sides of any of the squares of which are <6 in length, and 
denote by o; the region composed of all the squares which 
contain within or on their boundaries any of the interior or 
boundary points of o. By 5s denote the polygonal boundary 
of o;. By A; denote the region o;—¢, and by 2s its bound- 
ary; the region A; is connected, and the total length of all its 
squares counted separately is not more then 12 times 5. 
Assume that Condition XV is verified. 

9.1. Equation (38) applies to any square of the mesh and 
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therefore to the region obtained by adding them al] together 
and remains true as we let 6 approach zero, even if at times 
the region o; is not simply connected, and 5; fails to consist 
of a single piece. Further, let us write 


| vd F(s) =| 90. ds+| (6. 3°45.) do+H, 


so that 


[24 FO= [odedst] (6.52 244, 5°) do— sa Fp 


If we denote the several truncated squares that constitute 
the region A; by A,‘ and by \,' its boundary and within any 
such subregion take a value of 2, which we may denote by 4, 
we shall have the relation 


| VQn ds—3,n: | on ads 
Ag Ast 


<n | lon | ds<ws kN, 
Ast 


where w; 1s the upper limit of the oscillation of v in a square 
of side 6, and where JN, k are finite and independent of 6. 
We have also the relation 


| Gar) — 2; 0) FOR) 


<ws5 T(As). 


Moreover we have the identity 
20; F(As') =2; a | gn ds, 
Ast 


_ from the definition of the vector point function @. 
The quantity 7(A;) does not necessarily approach 0 with 
6; but w; does, on account of the continuity of v. Hence 


lim [24 F(s) aa spe ds] bs 


Also, evidently, 


lim | (4.52 eS 52) do=0, 


6=0 As 


since A, approaches zero. ‘Therefore the quantity H is zero, 
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and the desired identity is proved. The theorem is as 
_ follows: 

9.11 Theorem. If ¢ is a vector point function which satisfies 
Condition N and equation (38): 


[oeds=FO) 


for every s of T, and if v(M) is a scalar point function con- 
tinuous with its first partial derivatives, then the identity 


5) fod FO)=[ odeds+] (324.+926,) de 


holds also for every s of I’. 

A vector point function which satisfies the equation(38) 
may be called a polarization vector for the distribution F(s)- 
The theorem just proved is thus an analysis of a function 
»(M) in terms of a polarization vector for a certain distribu- 
tion. It may easily be made much more general. 

9.2 Theorem. /f ¢ is a vector point function which satisfies 
condition N and equation (38) 


|¢ ds=F(s), 


for every s of T, and if v(M) is continuous and a potential 


function for its gradient vector V 2, the identity 
ig 


(46) | a Fo) =| 0g, ds+{ (Veo b.4V,0 6) do 


ds valid for every s of T provided that one of the following addi- 
tional hypotheses holds: 


(a) Vo(M) is bounded, or 

(8) @(M) is bounded, or 

(y) the quantities {V o(M)}? and {6(M)}? are summable super- 
ficially. 


In the present case, since u(M) is continuous, we see as 
before from (22) and the accompanying theorem that 00/d0x 
and @ 0/0 y exist and are identical with V,2 and Y,2 except 
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possibly at the points of a set of superficial measure zero. 
Hence in (46) we may use instead of V,v, V,v, the correspond- 
ing partial derivatives according to the usual definition, or 
the corresponding generalized derivatives. 

The theorem follows at once from the pseudo-polynomial 
approximation of Art. 7. In fact if we define 


1 € € 
(x, 9)= po] | v4 yn) 1-8)" dn)" de dn, 
and similarly the functions 7,” (x, y), 22° (x, y) we have by 
(34) and (46) 
| v™ d F(s) -| v™ bids +] (a dz: +02™ dy) do, 


whence if we let m become infinite, we have at once, by 
means of the theorem of Art. 7.1, 
lim | o&™ dy as=| VGnd s 

s Ss 


m=o 


lim | (img. toi 4,) dom] ($2 6.452 6,) do, 


x 
and similarly, since v” approaches v uniformly in @ and since 


| (o—u™) d F(s) 


<T(o) max | v—v™ |, 
we have 


lim vo” d F(s) -| vd F(s). 
Hence the theorem is established. 
If in this theorem we write — 


v(M) a hn( Mo, M), 


in which we define 


M,Me=r 
hm( Mo, M) =log 1/7, r2=m 
=log iy r<m, 
m 


we get an interesting corollary by letting m approach zero. 
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9.21 Corollary. Let ¢(M) be a vector point function, which 
is a polarization vector for a distribution F(s), and satisfies 
Condition N. Then, except for points My which constitute 
at most a set of superficial measure zero, the identity 


(47) | lox’! @ F(s) =| a. oe 
6 e s f. 


[3 { (x —x0) be + (y —Yo) dyt da 


is valid for a given curve s of Y. 

Let y be the region interior to the circle m, and taking Mo 
as a point not on s, let m be small enough so that the points 
of the circle are either all interior or all exterior points of ¢. 
Since everywhere the function / is continuous, with first 
partial derivatives which remain finite, in numerical value 
<1/m, equation (46) is valid and we have the equation 


| lin( Moy M) d F(s) =| log 1 b,.d5— 
[__ Bl@-#0 6-40-90) 3 do. 


If now we let m approach zero, as in Art. 3, we see that the 
two superficial integrals approach as limits the corresponding 
integrals of equation (47) for all points M, not on 5, save 
for a further possible set of zero measure. Hence the Corol- 
lary is proved.* 

9.3. If we restrict ourselves to solutions u, 2 of Poisson’s 
equation we get a Green’s theorem in some ways more 
general than that of Art. 9.2; in fact the functions u, 7 need 
not remain continuous or even finite, and their gradients 
need not satisfy Condition N. We consider therefore 
solutions of the equations 


(48) | V.uds=FO), [ve os &Ctsss 


* Presented to the American Mathematical Society, September, 1919. 
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in which the discontinuities of F{s) and G(s) are merely of 
the first kind. We write these solutions in the forms 


48’) u(M,) =50 13 as df(c)+U(My), 


1 1 
o(M:) =| log dele) +7) 
where 7;=M, M and r2=M: M, the functions U(M,), V(M:2) 


being harmonic in the usual sense after their unnecessary 
discontinuities have been removed, in accordance with the 
theorem of Art. 6.3. We shall understand this to be done. 
The quantities f(e) and g(e) are the additive functions of 
point sets which by the method of Art. 4, correspond to 
F(s) and G(s) respectively. 

9.31 Theorem. Let u(M), 0(M) be solutions of the equa- 
tions’ (48) of the form (48’). A sufficient condition for the identity 


(49) | eet. o+V, Voie 
-| ud Gs) -| uV,ods 


-| od F(s) -| ova se 
for all curves s of T, 15 the seit of the integral 
(49’) | dT;(e) | ioe ; PTAC: 
For the proof of this besa the U(M,) and V(M)) 


may be neglected, since, being completely harmonic, they 
enter into the demonstration in an entirely obvious manner. 
It is also sufficient to consider merely positive functionals 
F(s), fle), G(s), g(e), since the given quantities may be 
expressed linearly in terms of those. For the purpose of the 
proof, then, we shall assume the equations 


u(M;) =p (i log df(e), f(e)>0, 
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o(M:) = = | _log dpe), cee 
[Yeu ds=FO), F(s) >0, 


|v.2 ds=G(s), G(s)>0. 
Let us define 


hn( Mi, M) =log *, 1 >™m 

1 
al = rT? " 
eee 4 2 m2’ Raa? 


a function of (x, y) or (x1, y1) which is continuous with its 
first partial derivatives. In fact: 


dh 1 


ie” 
1 
T1 

mre T1<™. 


Moreover for 0 h»,/d n we have the inequality 
| Ohm 


| cos 717 | 
ee AE) 
On 


T1 


We define now: 


tin(M:) =z1— | Iin(Miy Mf) 4 fC), 


(Ms) =s | Ia(M Mh) a e(e) 


~ functions which are finite and continuous, with finite and 


continuous first partial derivatives. But we may calculate 
the second derivatives of /m(M:, M); in fact 
8 hy , hw 
axe Oye ’ 
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so that since 


oe 0 Um( M1) rae 1 a | aro [ eee 2 as 


ON 


4 a iz fle) [ve h(i, M)) do, 


we have 


| gee? Bee 


and we may write 


I. Guat M) 45 = Pals) 


where F,,(s5) is a positive additive (in fact, absolutely con- 
tinuous) function of curves. A similar fact holds for the 
gradient of v,(//.) which defines a functional G;,(s). 

The gradients of u»(M:1) and v;(M,) being finite, satisfy 
Condition NV and therefore, by the theorem of Art. 9.1 or 
9.2, the identity (49) will apply to these functions. We may 
then let m and k separately approach zero, and see what result 
can be obtained. 

9.311. If we consider the first part of (49) and let k 
become zero, the resulting identity is still valid. In fact 
we have 

lim Vu=V2, 


as a vector equation; moreover 
| Un| Ss =a ~ log + *f (2), 


"Iam? 
so that f 


| Va tm Va Op Vy Um Vy ve | 5 Ae, s-| 4a ri g(e’), 


Dam 


and this latter expression as a function of M is integrable 
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over 2. Since, moreover, it is independent of &, it follows 
that 


Bai | ru vaeest. V, uae do = 


k=0 Cc 


| (Va Um Vz0-+Vy Um Vy2) do. 
Similarly it may be deduced that 


lim | Um Vane as=| Um Van0dS; 


k=0 
because 


1 1 1 |cos rn | 
5 Vets |= = | Se eee : 
| Varn] St og £2) og [ de(), 


. 
and this expression, which is independent of k, may be 
integrated around any curve of class T. The value of the 
integral is 


ZT los +f) e@). 


It remains to consider the third term 


I. id Co 


In order to find the limit of this expression we must para- 
phrase a theorem proved by H. E. Bray for a Stieltjes 
integral in one dimension.) We shall state it rather less 
generally than the direct extension, but nevertheless subject 
to exactly the same method of proof. ' 

9.312 Lemma. Let G(s), G;(s) be additive functions of © 
curves of limited variation, the latter being of uniformly 
limited variation with respect to &: and let (J) be a con- 
tinuous function of M. IfforeverysofT, + 


G(s) =lim G(s), 


< 


16) H. E. Bray, “Elementary properties of the Stieltjes integral,” Annals of 
Mathematics, vol. 20 (1918-19), pp. 177-186. See page 180. G,(s) is of uniformly 
limited variation with respect to &, if T;(s) remains finite irrespective of k. 
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then for every s of T 
foc) 466) =lim [oa 4G(s). 
But as we have already seen, 


hin (52 ds=[Vy0 da 
On 


k=0 
and also G;(s) is a positive function of curves, such that 


Toi) =Glo) =z | dele) | (-Vithn(My M) do, 


1 2 
<5-| de) Ve do, 


where o,, is a circle of radius m and center M. Hence 
1 2 
Tals) <sX (wm) 2. g(2) 


<¢(2), 
and G,(s) is of uniformly limited variation with respect to k; 
and the conditions of the lemma are satisfied. Hence finally 


lim | Pye: -| cacy 


and the formula 


(50) | (Vi Um Vz0+Vy Um Vy0) do -| tm, 2 G(s) 


— |, VnvadS, 
is valid. 


9.313. We are now in a position to let m approach zero. 
We have for a point M,, 


[Ven Va+VytmVi21<] ase) | + dace) 
> sf 


independently of m, and we have to decide whether or not 
this is a summable function of M@,. We.can, however, form 
directly 

d 01 


73 
o, Tr 
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~ choosing o; as a circle of radius R sufficiently large. If we 
denote by p the distance MM’ between the extremities of 
r’ =M’ M andr=M, M we find that this integral is <Ci+C, 
log 1/p, with C, and C, definite constants. Hence our 
expression does represent a summable function of M, pro- 


: 1 
vided that jaro flog : dele) 
is convergent. And this is the hypothesis of our theorem if 
f(e), g(e) are >0 for every e. 

The same condition is sufficient in order that 


fis 2 tin ECs) =| ud G(s). 


m=0 
In fact | vis < \{ log id f(e), irrespective of m. 
z 


The remaining integral is a curvilinear integral. The 
functions vu, form an increasing sequence, and therefore, 
lim | Um Viods=|u V,0d5, 
m=0 Js 
whenever the latter integral is convergent in the Lebesgue 
sense. But we can investigate the integral even more closely. 
Let s be any convex curve of I, and introduce polar 
codrdinates with M’ as pole. The relation 


| jog Leos lg =| loge | a6" 


is immediate. The convex curve may, however, be divided 
into two parts in each of which the angle 6’ changes mono- 
tonically by <7. If we consider one such part s’ and let o” 
denote the sector of which it forms the base, and M’ the 
vertex, we shall have in the case M# M’, that 


1 vapee 1|dr dr'd@ 
| jon zle6 I= |; dr’ 6’ const. ; 
ee | jae’. 
=| 77 a'r’ pane > wet 4 
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But this integral has already been treated. And therefore 
for any convex curve 51, with M2 M’ we have 


| log tls las <C,+Crlog p 


with proper values of C; and Cs. 

The same relation applies if 5; is any curve which may be 
decomposed into a finite number of convex curves, or more 
generally, if 5; is any curve of class I’, since what is important 
for the proof is that | | d 6’ | remains finite. 


S1 


We see then that if {a f(e) Jog 1/p d g(e’) remains finite, 
the quantity 


fluc) V,0(M;) | ds: s|@ ley] g(e')| log : jess 


converges, and we are justified in the passage to the limit. 
And thus the first of the equation (49) is demonstrated. 
The second results merely from the interchange of u and ». 

If now we replace in f(e) and g(e) their original interpre- 
tations as arbitrary additive functions of point sets, no longer 
necessarily positive, we shall have to replace them in the 
condition of convergence by their total variations; and in 
this way we arrive at the hypothesis of the theorem of Art. 
9.31 as a sufficient condition. 

10. Frontier integrals. The curvilinear integrals with 
which we have been dealing in the last section are examples 
of functionals which depend on curves, uniquely defined for 
all curves of class T. When these integrals are functions 
of curves of limited variation, their associated functions of 
point sets are uniquely determined for all point sets measur- 
able in the sense of Borel, according to the correspondence 


established in Art. 4. As has been noted by P. J. Daniell* 


* See 4), 
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a generalized definition of such integrals may be given in 
terms of this result, to apply to the complete boundary of any 
set measurable in the Borel sense. We shall designate such 
quantities by the term “‘frontier integrals,” since according 
as the boundary is regarded as the frontier of one set or 
another, the integral may have different values. For the 
complete definition of a frontier integral it is sufficient, there- 
fore, as we have seen, to know its value for all rectangles. 

Hence it is unnecessary for the consideration of frontier 
integrals to assume Condition N. It is sufficient if the 
vector @ is summable over = and if the integral of its normal 
component on any vertical or horizontal line remains finite, 
<N. 

If the curvilinear integrals on s are replaced throughout 
by the frontier integrals defined for the open sets o, and the 
functions of curves F(s), G(s) replaced throughout by the 
corresponding functions of point sets f(¢), g(¢), the theorems 
of Art. 9.2, 9.3 and their Corollary hold, and apply to all 
sets measurable in the Borel sense. It is unnecessary to 
state them all in this new form, but one may be written 
down in order to exemplify the notation. Following Daniell, 
the frontier of the set E is denoted by B(£). 

10.1. Theorem. If for every rectangle, we have 


62) fave t2e= fE) 


| V,0d5=¢(E) 
B(E) 


where f(e) and g(e) are additive functions of point sets, the 
solutions may be written in the form 


(52’) u(M,) =5-|, log* d fle) +U ML) 


o(M,) = - if tot : d gle)+V(M,) 
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in which U(M,) and V(M;) are harmonic functions, and in 
this form, for any set E measurable in the Borel sense the 
following identity 1s valid: 


(52"7) | (V,uV,v+V,uVy2) dF 
E 
=| vde@—| uV,vds 
E BE) 


-| od fe-| vV,uds 
E B®) 
provided the integral 
| d u(e) | loge t,(e’) 
= = 7 
1s convergent. 
11. Further Corollaries. We may close this chapter 


by calling to mind the usual corollaries of our theorems. 
Thus we obtain useful special cases by putting v= and 


0= log * where r=M, M, the distance from a fixed point. 
11.1. Corollary. Let u(M) be a solution of 
| V,uds=F(5); 


in the form 
u(M,) = 7 I, lag : d f(e) +U(M,), 


with U(M,) harmonic. The equation 
(53) |. wedo=| udFQ—[uveuds 
holds, provided the Fe 

|.¢ 1(e) 1 log +d i(e) 


exists: Also 


(53') i (Vuede =| fae -[ oe Vous: 
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11.2. Corollary 3. With the same hypotheses as Corollary 2 
the equations 


(54) 2m u(Mo) 


_f[ feosnur 1 1 
= — u+log - Vs uh 5 -| log = d F(s) 


-| se c. as+| 


ice cos 2r 1 - 1 
isa ene u+log - Vn uhd 5 i: ; d f(e) 


7 


-| {cont uha s+] liu cosxr+Vyucosyr}d E, 
Bi) ET 


? 


Vy cos xr+Vy, u cos yr\de 


hold for all points Mo except possibly those which form a 
certain set of superficial measure zero, this set being independent 
of o and E. 


3. The Dirichlet Problem 


12. The Green’s function. An interesting application 
of these general ideas is to the Dirichlet problem; to deter- 
mine a harmonic function throughout an open region, by 
means of assigned frontier values. For this purpose we 
shall consider an arbitrary region as defined by Osgood ") 
but with a boundary consisting of more than one point so 
that it possesses a Green’s function,* and for simplicity 
restricted to a finite domain.%) The following requirements 
are then sufficient: 

(i) The region Tis open,t.e.,every point is an interior point. 

(ii) The region T is finitely extended. 

(iii) The region T is finitely connected. 


17) Osgood, “ Lehrbuch der Funktionentheorie,” Leipzig (1912), p. 151. 

* See 1”), p. 630. 

18) Plemelj, “ Potential theoretische Untersuchungen,” Leipzig (1911), takes the 
infinite domain to correspond to the infinite point of the complex variable, and 
imposes suitable conditions on the potential so that the point at infinity is not a 


special point. 


312 Potential Theory 


Such a region may be regarded as consisting of the points 
of a denumerable aggregate of non-overlapping rectangular 
regions. 

The Green’s function g(M, M) may be written as 


(55) g(Mo, M) =log + +¢/(Mo, M), 


the distance M,M being 7, with M, an internal point, and 
g’(M,, M) completely harmonic for Min T. For M on the 
frontier of 7, g(Mo, M) =0. Conjugate to g(M, M) is the 
function h(M,, M) also harmonic in 7, but of course multiple 
valued. The two functions (g, 4) for our purposes form a 
convenient set of polar curvilinear codrdinates for the 
region 7. 

13. The problem for the circle. In order to separate the 
difficulties, we take up in detail first the case of a circle of 
radius a, and limit ourselves to functions u(M) which are 
harmonic at all interior points of the circle; the first partial 
derivatives of u(M/) together with their squares are assumed 
to be summable superficially in the Lebesgue sense over the 
circle. 

Consider now a sub-region ¢ which does not include the 


1du 


center 0 of the circle, with a boundary s. Since = ae 1s 
ror 


summable (Z) over such a region, by our hypothesis, the 


quantity 
| udo=| Loa 
: ef OF 


represents an aysolutely continuous function of point sets ¢ 
(or curves s). Hence if we let ¢,,(£) be a continuous function 
of £, 0, S5£<6 such that 


lim Pm(§) =a, 
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and integrate along the curve r=¢,,(0) from 6; to 0 we define 


‘ 6 
a function H(6) =lim | add. 
m= a1 
This function, moreover, is absolutely continuous as a func- 
tion of 6. In fact, referring to / 
the diagram, / 
Gay, 
H(@:) —H(®) ; 
Sy ix du / 
=| ao+| r ort” 
in which expression 4 Bisthe 6 
arc of a circle of radius R+0. a r=a2 
Since on 4 B,u is harmonic, / _ _ es 6, 
it remains finite, <M, and Q A = 
therefore Figure 1. 
| H(02) —H(4:) | <M | 6:—6: i+ | oe do, 
and the total variation of H(@) from 0 to 2 7 1s 
<M 2+] Te da, 
ror 


the region of integration in the last integral being the ring of 
inner radius R and outer radius a. 
| do 


But M | 6.—6:| and | F Bet 


define absolutely continuous functions of 4, and therefore 
the same result applies to H(@2) —H(6:). 

Since H(@) is an absolutely continuous function of 6, it 
defines a function 


i(M) =“ HO), 
such that H(6) =| "aan dé. 


It turns out that this boundary function u(M), now de- 
fined, is characteristic of the harmonic function u(M). 


214 Potential Theory 


13.1. In order to investigate this statement, consider an 
arbitrary point M,, interior to the circle a, and through it 
draw the family of circles which cut the boundary 7=a 
normally. These circles may be individualized by a param- 
eter y used to denote the angle made with a fixed direction 
by the tangent at M, to the circle of the family. These 
circles with their orthogonal trajectories x =const. determine 
a set of curvilinear codrdinates, which correspond precisely 
to the level lines of conjugate function and Green’s function 
respectively. 

The function 


fey Ninn, (ee Babe 
m= J yy 


where we integrate along a curve x=Xn(¥), continuous 
yi<y Sy, and let the curve approach the outside boundary 
as m becomes infinite, defines as in the special case just 
treated when M, was the origin, a uniformly continuous 
function of W; and this is the integral of its derivative v(M) 
with respect to py. This function 0(M) 1s identical with the 
u(M)“ almost everywhere’ on the boundary. 

This result may now be verified. Take an arc of a circle 
with the center O to serve both as r=6(@) and x =x/(y), 
the radius 7,, of the arc being >O My. Let 0; and y cor- 

respond to one point on the 

6, 54, circle r =a, and 62 and yz to a 
Re second point. Let 4, B, C, 
VIS 6, " Dhethe points on 7=7,, de- 
» termined by Wy, Yo, 01, 62 

respectively. When neces- 

sary to avoid confusion let 

the subscript m indicate a 

a value referring to 7,, and the 
Figure 2. subscript a refer similarly tor. 
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We have 


O2 y2 
| a [am oe dy+| iue= -[ Wedd, 
61 ay 


in which it can be easily shown that the last two integrals 
of the second member approach zero as m becomes infinite. 


: D bs 
In fact: | tn d= | tm 48+ | LO eG 
B ep o,f OF 


in which my is a fixed value of m, and ¢,, is the region bounded 
by 0=03, 0=62 and r=r_, and 7r=T,. This region ap- 
proaches zero as m becomes infinite, since 0g approaches 62; 
moreover the integral extended over it approaches zero, 
since the integral over the whole circle outside r=my, 1s 
convergent. The integral extended over the curve r=rm 


D 
* also approaches zero, and therefore | Uy» d 0 approaches zero. 
B 


Cc 
Similar reasoning holds for | Um 20. 
A 


We have then 
lim pS tm 48 =lim | SS aa 
or 10 
[if 40am [ony oY 


But | "3 7 a4 y has a definite value on r=a, 


Ga (jrs48) (8 
nm = ( a 5 (55),..2% 
ee aN 
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so that Lag ~@0 
Tim [un 5 av = ik pre dy; 


d26 ¥ 
sere ‘Say ee. ma, 
ee ik ¥ 


are continuous functions of y and remain finite as m becomes 


for the quantities 
d@ 


infinite. 
We may now write: 


i, id dy= i v dQ, 
and therefore iW ed 0= [; od, 
61 a1 


a relation which holds for any value of 62. Hence 2(M) = 
u(M) on the circle r=a except at most for points of a set 
of linear measure zero. The function 7(M) may therefore 
be regarded as characteristic of the harmonic function u(M). 

13.2. Conversely given u(M) summable (L) there 1s not 
more than one function u(M) harmonic within the circle, 
whose first derivatives are summable with their squares, such 
that the integral along an arbitrary curve approaches the integral 
of u(M) as the curve approaches the boundary of the circle. 
For u(M) being harmonic within the circle, without other 
conditions, satisfies the mean value theorem for curves x = 


const.; that is u(M;) =| nC) aw. 
T JO 
and as m becomes infinite, 
2a 
u(y) =z | “aM dy, 

and is therefore uniquely determined. 

13.3. So far we have not drawn any conclusion about the 
behavior of u(M,) itself as My) approaches a point M of 


the boundary; and from the mere behavior of the integral, 
we cannot tell that there is any limiting value of u(M,.). We 
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have, however, a theorem which we shall now proceed to 
prove, which depends, however, upon the following lemma. 

13.31 Lemma. Let F(x, y) be continuous in x, y in the 
region a<x <b, 0<y<yo; let f(x) be summable (Z) in the 
interval a<x<b, and let ¢(x) be a positive, continuous 
function, a<x <b which defines a curve / across the given 
region. 


If for all d(x) <5, we have 
lim I. | F(M,) —f(x)| dx =0, 


then we have 
lim F(x, y) =f(*) 
st 


almost everywhere in the interval a b. 

Let us first prove the theorem in the case that f(x) itself is 
continuous a<x<b. Consider the set of points on the 
x-axis such that for points of the set the oscillation of 
| F(x, y)—f(«) | does not approach 0 with y but remains 
>n. This set is measurable for every value of n, and if the 
theorem is false, can be chosen (small enough) so that the 
measure of the corresponding set £ is not zero, but, say >e. 

Let us suppose now that 6 is chosen small enough so that 


I. | FM) —f(@) |dx<p Sh 


for every | o(x) | <6 and consider specially the set of points 
in the region y <6 for which | F(x, y) —f(*) ew 

Since f(x) is continuous this is an open set, and therefore 
is equivalent to a denumerable infinity of rectangles, with 
sides parallel to the x and y axes. Let these rectangles be 
numbered in order of decreasing area, and in the case of two 
or more rectangles of the same area, let the rectangle of 
largest base precede. 

Let y=y: be any line which cuts the rectangle (1) and 
between values x=x, and x=x/’. If the rectangle (2) 
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projects beyond this, let y =y2’ be a line that cuts (2) and 
xq! x9!’ the portion of this line not already included 1n xy' #1. 
Proceeding in this way, we can in a finite number x of steps 
create a set of non-overlapping intervals x which together 
constitute a length more than.any given proper fraction — 
say one half —of E. For suppose the intervals approach 


a limiting measure, a e. We could then find a rectangle 


of finite size whose projection on the rest of E would not be 
of zero measure, and we should not have included this 
rectangle in our sequence. 
Hence if we define the step function 
ba) =y1, xi <n, 
=yo, xa! <x <x9"", 


ot / vy 
=Vny Xn <X<Xy 5 


=6, otherwise, 
we shall have 


[1 Fats) -70) | dx>} en, 


and since F(x, y) is continuous, we can replace ¢ by a con- 
tinuous ¢ such that | F(M/3) —F(M,) | is uniformly as small 
as we please. Hence we can find ¢(x), 0<@(x) <6, and 
continuous, so that 


I, | F(M.) —f(x) |dx>5 én, 


which is a contradiction. 

Suppose now that /(«) is no longer necessarily continu- 
ous, but summable (LZ). We can find a continuous function 
g(x) which outside a point set G of given measure ¥, arbi- 


trarily small differs from f(x) by less say than 4/3. Let 
E; be the set of points for which 


: 4 
lim Osc. | F(x, y) —f(x) |>3 n 


f 
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and £, the portion of it which does not contain points of G, 
of measure ¢,. Take now 6 small enough so that 


b 
[| POM) $0) | dx<§ ec 
and therefore so that 
b 
: | F(M;) —g(x) | dx <z ees 
But for every x of £, 
P 4 1 
lim Ose. | F(x, y) —g(x) | > 30-37 


>; 

and since g(x) is continuous we can get a contradiction 
between this and the previous inequality, in the same way 
as before. 

Let us now state the fundamental theorem for the circle. 

13.4. Given f(M) on the circle r=a summable in the 
Lebesgue sense, if {(M) is bounded, <N, there 1s one and 
only one bounded function u(M), harmonic inside the circle, 
and with first partial derivatives which, with thewr squares, are 
summable, which takes on the values f(M) almost everywhere 
on the boundary. This solution is given by Poisson's integral. 

We say that «(M) takes on the values of f(M) almost 
everywhere if given M,, an interior point, and the circles 
~ =const. through M, as pole; we have, letting M’ move 


- along such a curve, 


lim u(M’) =f(M) 

M’=M 
for almost all the curves ¥ =const. If this relation 1s satisfied 
when we choose one pole M;, we shall see that in the case of 
our theorem it is satisfied for any other; and therefore a 


sufficient test will be that for almost all radu, 
lim u(M’) =u(M) 


as M’ moves along the radius. 
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We see at once that there can be only one function u(M) 
which satisfies the conditions of the theorem, for if u(M) is 
bounded and satisfies the above relation for one pole M; 
we have (with the 5 a of Art. 13.1) 

(56) lim |" Come [irev. 

But if the first partial eaves of a harmonic function are 

bounded with their squares, over the circle, it has a char- 

acteristic function «7(M) on the boundary, according to the 

theorems of Art. 13.1 and it is uniquely determined by that 

characteristic function. By (56), however, we must have 
u(M) ={(M), 

almost everywhere. 

13.41. The function given by Poisson’s integral is obvi- 
ously in modulus <WN if | f(M) |is <N. We shall show 
that its first partial derivatives are summable with their 
squares, and we shall do this by means of a calculation of 
| 9u/dn | on an arbitrary circle. In fact, if we integrate 
over a circle of radius 7, 


du\2, (du\? = Ou 
4 ny +(55) }ae= erie 
2a 
<N a 
a I, ay | d 8, 

and it is sufficient to show that the last integral remains 
finite as r approaches a. 

We may write Poisson’s integral in the forms 


(57) u(M’) =u’, ie? 


a—r 
ar ae a ap eee Aan ?? 


:; f(M) fa arctan a J %— 5) a6 


--2|" f(M) ‘a arctan 2 5} d ¢, 
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in which (a, ¢) are the polar codrdinates of M and (r, 6) 
the polar codrdinates of M’. 
Now we have 

Ou_a [?™ cos (6—8) (a+r?) —2 ar 

Or. <4) {a?—2 ar cos (b—O) +77}? 2 Id 6, 
in which the fraction in the integrand changes sign only when 
_ ¢—0=60 or 2 r—89, the angle 0 being given by the formula 
0 =arc cos ar 
a +r? 
If we denote by p the distance M’ M, the corresponding value 
of p will be 


7k —fr2 
Po — Var 172 > 
and if we denote by a the angle 
aid 


a =arctan % 
x — 


the corresponding values of a will be 


: 
Qo = £arc cos ————- 
V at+r? 


By means of (57), we ae now 


ge —1 Vrras o 
rh {(M) = op arctan YY, kas 


and 
oul < arctan = dot 
-0 & 
N to 02 y 
ai TORE oe as 
eae iy 
wv OF 
4N 0 r 
s a a; arc COs Ver 7 ? 
hence 
whence, _AN 


(58) BS r ie) a? +72’ 
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and 


Nal” (5 $4) go<8ne—*_, 


which approaches the ibe 
4 N?, 
as r approaches a. The point is thus demonstrated. 

13.42. It remains to show that the function given by (57) 
is really the function we seek, and takes on the boundary 
values {(M) almost everywhere. To this end, we may 
restrict ourselves to a function {(M) which is measurable 
(B), since such a function can be found which differs from 
our given function, summable (Z), only on the points of a 
set of zero measure. Any function measurable (B), however, 
can be built up in a finite number of steps of the following 
kind, from the class of continuous functions: 

(a) By taking limits of increasing sequences of functions 
measurable (B). 

(b) By taking linear combinations of them. If 
| {(M) | <N, all these functions may be ee of modulus 
<lV. 

It is known that if f(M) is continuous, the harmonic 
function given in terms of it by Poisson’s integral takes on 
the boundary values f(M/) continuously. Hence it will be 


sufficient to adopt a method of mathematical induction, 


and prove the following proposition. 

13.43. Let {g, (M)} with | g,(M) | <N be a sequence of 
functions, measurable (B), given on the circumference of 
the circle, and increasing with n; and let g(M) be the limit 
function. Let u,(/M/’) be the function which is given in 


terms of g,(M/) ky means of Poisson’s integral. Then if | 


u,(M’) takes onthe boundary values g,(M) almost every= 
where, the sequence {u,(M’)} is a sequence of harmonic 
functions increasing with n, and the limit function u(M) is 


| 
| 
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~ harmonic, is given in terms of g(M) by Poisson’s integral 
and takes on the boundary values g(M) almost everywhere. 

That u,(M’) is harmonic and that the sequence is in- 
creasing follows obviously from the expression in terms of 
Poisson’s integral. Therefore there is a limit function u(M’), 
and since u,(J/’) remains finite, irrespective of n, the integral 
equation remains satisfied in the limit: 

, 1 a —r* 
as az en a?>—2 ar cos (6-8) eat? 

and «(M’) is given in terms of g(M) by Poisson’s integral. 

For simplicity now in investigating the boundary values 
of u(M’) let us take WM, as the center 0 of the circle. If we 
take M, as any other point, the proof follows in a similar 
manner. With the notation M,’ for a point M’ on the 
circumference of a circle of radius r, we have 


J “fu (M,!) —un(M,!) {d 0=2 3 {u(0) —u,(0)} 


independently of r. The left-hand member can therefore 
be made as small as we please, independently of r by taking 


n large enough. 
Take now 1 large enough so that at the same time, 


ie {u(M,') ~u(M,)}d 05 § 
"(ean ean} 2 05§ 

| and for this value of n take r large enough so that 
2a 

| | £n(M) —u,(M,’) | d qe 2 


which we can do by hypothesis. We.shall have then for 
- this7, 


[Lean — wat) |a'056 
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whence, 

(59) lim "| g(M) —u(M,’) | d0=0. 
But also, if et ke any curve r=p(@) continuous as a — 


function of 6, 0<@<2~7 and such that 7 <p <a, where 7 is 
the r of (59), we have 
1 


ia u(M,’) —u My | ao<| 


oT 


od Pe 
a 


where a, is the region contained between the two curves 
r=7 andr=p(0). From (58) it is seen that 


so that this integral is <C(a—r), where C is independent 
of r. Hence from (59): 
20 
lim} | gM) —u(M,,’) |d6=0. 
At this point we can apply the lemma of Art. 13.31, 
modified in an obvious manner to fit the case of the circle, 
and deduce the equation 


lim u(M,’) =u(M) 
as M’ approaches JW along the radius, for almost all values 
of 6. Thus the proof is complete. 

14. Method of Poisson for summing a trigonometric 
series. Let {(9) be any bounded function of 6, summable . 
in the Lebesgue sense and with period 2 7. Let a, b, be its 
Fourier constants for k =0, 1, 2, and write the function 


(60) u(r, 8) =5 eye r*(a, cos k 0+, sin k 0). 


Poisson’s methods for summing the series is to let r approach 
1, and consider lim u(r, 6) 
r=1 


Summed according to the method of Poisson the series (60) 
converges almost everywhere to the value f(8). In fact, when 
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r<1 the series is convergent and its value is given by the 
Poisson integral in terms of f(@). Hence, by the theorem 


of Art. 13, 
lim u(r, 6) =f(8), 
almost everywhere. se 
15. The extension to the finitely connected T-region. 
Since we have 


a g\ oa)! + -| dg 
PGs) HGyaee-|.fan2* 
g being the Green’s function for 7, 

g(M,, M) =log* +¢/(My M), 


and o a region interior to T excluding the point M4, with 
s for its complete boundary, if we take for o the special 
region contained between two curves g=k, g=k' and let k’ 
approach zero we shall include in o every point of T (since 
they are all interior points) except the points in the neighbor- 
hood of g=0. 

We have 


(61) fA 2) 4 ($8) bao=(e-¥) ee 


and if we let 4’ approach zero 


0g\? 0zg\? bis 
eat ae? 
Hence the squares of the partial derivative of g(M;, M) are 
summable over 7 when the neighborhood of M, is excluded. 
If now the squares of the partial derivatives of u(M) 
are summable over the region 7’, we have by Schwartz’s 
inequality that the quantity 
Ogdu ,dOgdu 
axdx dydy 


is summable over 7, when the neighborhood of M, is ex- 
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cluded. Hence, by Green’s theorem, we see precisely as 
in the case of the circle that the quantity 
lim fr ud h=H(h) 
Y S% 
represents an absolutely continuous function of h, and with 
respect to the point M, defines a characteristic function “(h). 
Now to every accessible point on the frontier of T cor- 
responds a value of h=c, in that the point M’ actually 
reaches the boundary point as it moves out along h=c; 
moreover to no two different accessible boundary points 
can correspond the same value h=c.%) It is easily shown 
that to almost all the values of h, h =c, correspond accessible 
points on the frontier of 7. 
In fact almost all of these curves h =c are finite in length. 
Consider, in fact ; 
(62) [_ds=h 
g=1 
the length of a curve h =c outside the point for which g=1, 
and form the integral 


Jad ba Ms) chal aa 


te ds,\dg dh 
Sa ela ae 
extended over the region T outside the curve g =1, provided 
this integral is convergent. But this integral is precisely 


|e 


which is dg 

\les 
and is convergent by (61). Hence the integral given by 
(62) has a finite value for almost all values of h =c. 


ae 


19) Osgood and Taylor, Transactions of the American Mathematical Society, 
Vol. 14 (1913), pp. 277-298. 
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On the other hand, to a given accessible point there may 
correspond more than one value of h. It is known, however, 
that the closed curve formed by any pair of values of A 
corresponding to a single frontier point must contain other 
frontier points of J in its interior, and this frontier point 


- may therefore be considered, as far as the geometric character 


~s 


of the region itself is concerned, as a point to be counted 
multiply.* With this proviso then, the function (h) 
defines a function f(M) on the accessible frontier points of 
T. With respect to f(M) we have the following theorem. 

15.1. The function f(M) is independent of lM,, the point 
chosen as pole. If f(M) is given on the accessible frontier 
points of T, bounded, and for one pole M, summable with 
respect to h, there is one and only one bounded function u(M) 
harmonic in T, with first derivatives summable with thewr 
squares over T, such that it takes on the boundary values f(M) 
almost everywhere. 

If the property holds when one point M; is chosen as pole, 
the harmonic function is uniquely defined, and the property 
holds with respect to any pole. 

To establish this theorem it is obviously sufficient to make 
use of the conformal transformation which transforms 7 into 
the circle, M; going into the center and h =0 into@=0. The 
only point to be proved is that a harmonic function the 
square of whose gradient is summable over 7 goes into a 


harmonic function the square of whose gradient is summable 


over the circle, and vice versa. But the integral of the 
square of the gradient is in fact an integral invariant whose 
value is given by the expression 


(G2) iy} ee 


* See #), 
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16. The Stieltjes integral along the frontier. If we select 
a point M,, and the Green’s function g(Mi, M), with its 
conjugate h(M,, M), it is an immediate consequence of the 
theorem of Green, that 


(63) uM) =, {lim [xan dh(My, m)}, 


where s,, denotes the closed curve given by a constant value 
of the Green’s function 

(Mi, M)=m, mx0 
if f (M) is summable with respect to # and remains finite, 
this equation, with the aid of Art. 15, implies the result. 


(64) u(M,) = a | f (M) dh(M,, M). 


In wkat sense are we justified in saying that this is a Stieltjes 
integral of f(J/) extended over the boundary of the general 
open region 7? 

The accessible points of the boundary of T have intrinsi- 
cally an order round the boundary. In fact, let 4, B, C, D 
be four such points, and O4, OB, OC, OD be four curved 
rays from O to 4, B, C, D not cutting each other. These 
curved rays from O have a circular order which may be 
generated through the relation of betweenness. 

A conformal transformation shows that this order is 
independent of the point O. For if M, is the pole of a 
Green’s function the point 4 will determine a value of 
h(M,, M) which is approached as M approaches 4 by any 
continuous curve such as the curve from the point 0, — or, 
for instance, a curve h(M:, M) =const. belonging to another 
pole Mz. And a similar remark applies to B, C, D. Now if 
the region T is transformed conformally into a circle, the 
curves from a point O will be transformed into curves fcom a 
point O’, interior to the circle, which cut each other only at 
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0’, and the values of h(M:, M) corresponding to the points 
A, B, C, D will correspond to points 4’, B’, C’, D’ on the 
circumference of the circle. And since the circular order 
of the curved rays from O’ corresponding to 4’, B’, C’, D’ is 
independent of the position of O’, the same will be true of 
the curved rays from OQ; for the neighborhood of O is trans- 
formed conformally. Thus it may be said that the accessible 
points of the frontier of T possess an intrinsic order according 
to the relation of betweenness. 

We are now in a position to answer the query with respect 
to equation (64). If the points of the boundary are taken 
in order, the Stieltjes sum for an integral like that in (64) 
is exactly the Riemann sum of the integral with respect to 
h itself; and consequently both have limiting values and 
determine integrals, which are equal, under the same condi- 
tion. And if f(M) is summable in the Borel sense with 
respect to the variable of integration fA, the integral of (64) 
is defined by the theorems of Art. 1. 2 in terms of functions 
f(M) for which the Stieltjes sum exists. We may therefore 
regard the boundary integral as properly a Stieltjes integral 
for functions defined on the accessible points of the boundary 
and measurable on this set of points in what may be called 
the Borel sense. A further extension to Lebesgue summabil- 
ity seems hardly desirable, according to the point of view 
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